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Abstract:
In this thesis, we present several tests of the M(atrix)-Model conjecture that asserts that
the dynamics of M-Theory, the eleven-dimensional Ur-theory containing all known string
theories and also eleven-dimensional supergravity in specic limits, is given by a quantum
mechanical matrix model. In particular, scattering processes are analyzed both from the
M(atrix)-Model and from the supergravity perspective and the corresponding S-matrix
elements are compared. We nd impressive agreement between these two theories as long
as only classical supergravity is considered. If one includes also quantum eects on the
supergravity side, the agreement does not persist. In addition to these calculations, the
question of the existence of classical solutions to the M(atrix)-Model equations of motion
with momentum transfer is addressed and answered negatively.
Zusammenfassung:
In dieser Arbeit stellen wir verschiedene Tests der (M)atrixtheorie-Vermutung vor. Die
(M)atrixtheorievermutung besagt, dass die Dynamik von M-Theorie, der Urtheorie, die
alle bekannten Stringtheorien und auch elfdimensionale Supergravitation als bestimmte
Grenzfalle enthalten soll, durch ein quantenmechanisches Matrixmodell gegeben ist. Ins-
besondere untersuchen wir Streuprozesse sowohl aus Sicht des Matrixmodells, als auch
aus Sicht der Supergravitation, und vergleichen die resultierenden S-Matrixelemente. Wir
nden beeindruckende

Ubereinstimmung zwischen den beiden Theorien, solange wir uns
auf klassische Supergravitation beschranken. Sobald wir auch Quanteneekte auf der Su-
pergravitationsseite einbeziehen, hat diese

Ubereinstimmung keinen Bestand. Des weiteren
untersuchen wir die Frage, ob Losungen der klassischen Matrixmodell-Bewegungsgleichun-
gen mit Impulsubertrag existieren, und nden eine negative Antwort.
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When the objects of an inquiry, in any department, have prin-
ciples, conditions, or elements, it is through acquaintance with these
that knowledge, that is to say scientic knowledge, is attained. For
we do not think that we know a thing until we are acquainted with its
primary conditions or rst principles, and have carried our analysis as
far as its simplest elements. Plainly therefore in the science of Nature,
as in other branches of study, our rst task will be to try to determine
what relates to its principles.
The natural way of doing this is to start from the things which
are more knowable and obvious to us and proceed towards those which
are clearer and more knowable by nature; for the same things are not
`knowable relatively to us' and `knowable' without qualication. So in
the present inquiry we must follow this method and advance from what
is more obscure by nature, but clearer to us, towards what is more clear
and more knowable by nature.
Aristotle, \Physics, Book I"
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2. Introduction
Progress in string theory did not come continously but in several waves. The rst, spanning
roughly from 1968 to 1973, came after Veneziano's discovery of his famous amplitude
[Ve]
.
It was the time when \dual resonance models", as string theory was called during those
years, were supposed to be theories of the strong interactions. From today's point of
view, the open string was an abstraction of the ux tube connecting the two quarks in
a meson. Dual resonance models became unpopular as it became clear that they always
contain a massless spin two particle that was not wanted from a phenomenological point of
view. Even more important, there was another much more successful description of strong
interactions: Quantum Chromodynamics.
A little later, it was recognized that the spin two particle can actually be identied
with the graviton, the particle associated with the metric tensor, the dynamical eld
of general relativity. String theory turned into a candidate for a unication of gauge
and gravitational interactions. The second wave of popularity of string theory during
1984{1989 (the \rst superstring revolution") centered around the unication of gravity
with the Standard Model interactions. It brought with it the discovery of the Green-
Schwarz anomaly cancellation mechanism and the existence of chiral gauge theories in ten
dimensions, the heterotic string and Calabi-Yau compactications. Unfortunately, there
seemed to be a proliferation of string vacua and direct contact with the four-dimensional
Standard Model physics could not be made.
Since 1995, there is a new wave of string theory activity going on, termed the second
superstring revolution. So far, its main discoveries are (non-perturbative) symmetries, so-
called dualities, that map dierent string theories onto each other, possibly in dierent
regimes (for example weak and strong coupling). It was realized that the ve dierent
superstring theories might not at all be dierent but stem from a single ancestor, M-
Theory, an eleven-dimensional Ur-theory that can be seen to contain all string theories
in dierent limits. Furthermore, it became clear that strings are not the only dynamical
objects in string theories and M-Theory, at nite values of the string coupling constant,
there are many more objects of dierent dimensionalities.
In particular, there are again particles, the so-called D0-particles, whose dynamics
is given by supersymmetric quantum mechanics of matrix degrees of freedom. In a very
inuential paper
[BFSS]
, Banks, Fischler, Shenker, and Susskind conjectured that, in light-
cone coordinates, this matrix quantum mechanics in fact can describe the full dynamics of
M-Theory. In this thesis, we investigate this conjecture and test some of its predictions. In
particular, for low energy processes, M-Theory should be described by eleven-dimensional
supergravity. Here, we will use the M(atrix)-Model to calculate scattering amplitudes
in dierent kinematic setups and compare them to supergravity, both in the classical
limit and including quantum corrections and nd both agreement and disagreement. The
disagreement we present here is the rst based on an actual scattering calculation reported
in the string theory literature.
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This thesis is structured as follows: In the remainder of this introduction, we briey
present the results from the second superstring revolution that will be needed later on. In
particular, we will introduce T-duality, D-branes and M-Theory. In the next chapter, we
cover the the M(atrix)-Model-conjecture put forward in
[BFSS]
, point out the particluarities
of the model and some immediate consequences and mention the relation to supermem-
branes that was already known more than ten years ago.
The following chapter contains some details of how to set up scattering calculations
in the M(atrix)-Model, and how to relate them to supergravity. It covers two particle
processes that are described by one loop calculations in M(atrix)-Theory. In particular, it
contains a calculation of the D0 spin-spin interactions originally presented in
[BHP]
.
In chapter ve, the analysis is pushed one order further. There, we present results
about three-particle scattering. At the leading two-loop order corresponding to classical
supergravity, again we nd full agreement. Then we go one order further and try to
match quantum corrections to supergravity with a M(atrix)-Model calculation. There we
nd the disagreement mentioned above. This is the rst disagreement between the two
theories reported on in the string theory literature that is based on an actual quantitative
calculation. It was rst presented in
[HPSW]
.
In the next chapter, we look at the M(atrix)-Model equations of motion from a
classical perspective. We present a no-go theorem for scattering solutions that use nite
dimensional matrices for processes in which momentum is transfered. We end with a
chapter containing conclusions.
2.1. T-Duality, D-Branes and M-Theory
In this section we are going to give a brief introduction to the notions that came aling
with the second superstring revolution. We do not intend to give here a self contained
introduction to string theory. Rather, we assume the reader has a basic understanding of
the subject as it can be obtained for example from the rst chapter of
[GSW]
From the classical perspective, string theory deals with maps of a two-dimensional
world-sheet  to a target space (space-time) manifoldM:
X: !M:























where G is a metric on M and  is an (auxiliary) metric on  whose equations of motion




is the string tension that is used to translate areas
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of the string world sheet into energies. It turns out that for at targets and with the








If we choose appropriate coordinates (; ) on , this is solved by the ansatz X(; ) =
X
L
( + ) +X
R
(   ) for arbitrary \left- and right moving" functions X
L=R
.
Let us consider closed strings, that are strings for which  has no boundary, a
little closer. We will also assume that topologically  = R  S
1
. If one dimension of
the target is also a S
1
with radius R, say, then the quantum mechanical spectrum of the
string theory is organized by two quantum numbers: As always for compact directions,
the momentum that is conjugate to the compact dimension is quantized. Its quanta are
inversely proportional to the radius R. Let us call the momentum quantum number n.
This is like in ordinary eld theories.
String theories enjoy an additional feature as compared to point particle theories:
In contrast to particles, strings can wind around the compact direction. If we parameterize
the S
1
of  by  2 [0; 2], this means that
X(; 0) = X(; 2) + 2Rw
with an integer \winding number" m. Since the string's potential energy is given by its
length, such winding states have a potential energy proportional to wR. In total, the mass
























N are oscillator quantum numbers that will play no ro^le here. Note, that





This means that using the physics of string theory, we cannot decide if the radius of








This relation between string theories compactied on circles of radii R and 
0
=R is
known as T-duality, where the \T" stands for target space. In terms left and right movers,










This is not only a symmetry of the spectrum but also of the conformal eld theories
including operator product expansions of the world-volume elds.
10 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 2. Introduction
So far, we have only talked about the bosonic string. In order to describe also
fermionic elds, one should enlarge the eld content of the world-volume eld theory and
proceed to superstring theory.
There are two supersymmetric string theories with two independent supersymme-
tries. They are called type IIA and type IIB. Possibly after a gauge xing (if one employs
the Green-Schwarz formalism as we do in most of this thesis), there are both a left- and
a right-moving space-time fermion. The dierence between the two theories is that in IIA
the two dierent supersymmetry charges that come from the left- and right-moving elds
respectively carry opposite space-time chiralities whereas in type IIB, the two supersym-
metries are of the same chirality. As T-duality ips the sign of one half of the world sheet
elds only, it can be thought of as a space-time parity operation on the left-movers only.
Thus, it also interchanges type IIA and type IIB. This means, type IIA compactied on
a very small circle is nothing but type IIB compactied on a large circle. For details, see
[AdWLN]
Let us now consider open strings for which  has a boundary. This means, we have
to nd boundary conditions for the coordinate elds X and their superpartners. For a






were considered physical since they prohibit momentum owing of the edge of the string.
Note that any boundary condition relates left and right movers. It is now very natural
to ask what happens to open strings under T-duality. These Neumann boundary condi-







This means that in order to obtain a theory that is T self-dual we should consider Neumann
and Dirichlet boundary conditions on an equal footing. (2.2) means that in the target space
directions where it applies, the end of the open string is not free to move but is attached
to a point given by the initial conditions.
If one imposes Neumann boundary conditions in (p + 1) dimensions and Dirichlet
conditions in the remaining one, it is said that the spacetime contains Dp-branes or D-
branes for short. The end-points of the string move freely in the p+1 directions tangential
to the Dp-brane but cannot get o. In this respect, Dp-branes are topological defects like
domain walls in solid state physics.
Although not directly visible, after second quantization, one should imagine a D-
brane covered by open strings. One can scatter strings on on a D-brane by scattering it
on the open strings covering the D-branes. By virtue of this process, D-branes become dy-
namical by themselves and one can attribute oscillations of the open strings to oscillations
of the D-brane itself.
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Fig. 1: D2-branes with open strings stretching
The massless modes of open strings have spin one, hence they are vector elds.
Therefore, the dynamics of the D-brane is also described in terms of these vector elds. In
[P1]




















where G is the pullback of the metric to the world volume of the D-brane, B is the pull-
back of the Kalb-Ramond form and F is the eld strength of the vector bosons contained
in the open string theory. 
p
is the tension of the D-brane that we will determine shortly.
It is important to note that, in this low energy approximation where the string is
basically shrunk to its center of mass, the vector eld only depends on the coordinates
tangential to the world volume of the D-brane since the open string it is a part of is glued
to the brane at its end-points and thus is the center of mass.
In the limit of large string tension, in S
BI
,only the lowest order term in F

survives.
Since this is the quadratic term, this Born-Infeld becomes just the ordinary Maxwell action.
This is obtained by dimensional reducing ten-dimensional Maxwell theory to the (p + 1)
dimensions of the brane's world volume. The components of the gauge eld tangential to
the world volume transform as vectors under the world volume Lorentz group whereas the
components that are normal are scalars from the D-brane world volume perspective.
If there are several D-branes, one introduces labels at the ends of the dierent open
strings determining to which D-brane this end is glued to (note that from this point of
view Chan-Patton labels are nothing but D9-branes!). One can imagine a process in which
end-points of two open strings that end on the same brane meet and join and then lift of
the brane. To make such a process possible, the two end-points of a string should transform
under conjugate representations of the group that permutes the D-branes.
This tells us that the most general group that accomplishes this is U(N) if we are
dealing with a collection of N Dp-branes. In this scenario, the low energy eective action
is promoted to a full U(N) Yang-Mills theory living on the world volume of the brane.
The mass (or, more appropriate: the tension) of an object is given by the coupling
to the graviton eld just like the charge is given by the coupling to a gauge eld. By
interchanging closed strings that contain gravitons as their massless modes between the
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open strings attached to dierent branes one can compute these couplings and therefore
the mass and possibly the charge (under gauge elds in the closed string spectrum) of the





leading order process is given by a cylinder amplitude, we expect it to contain one inverse










In type II theories, besides the elds that are built from the bosonic X elds, the
dilaton, the Kalb-Ramond two-form and the metric, there are form elds, the so-called
Ramond-Ramond elds or RR-elds for short, arising from tensor products of two spinor

















In type IIA, the space-time spinors  
L=R
have opposite chiralities. Therefore, in type IIA,
there are forms of odd k whereas in type IIB, there are forms of even k. Fundamental strings
are not charged under these elds. Rather, one would expect objects of k-dimensional world
volume to couple to these elds via a minimal coupling
Z
C:
And in fact, just as D-branes have mass (i.e. couple to the metric) they are also charged
under these Ramond-Ramond k-form elds. More specically, Dp-branes are charged
under the (p + 1)-form elds and also under forms of lower degree if the gauge elds on
the brane have non-vanishing ux. The coupling is the generalization of electric charge.
Furthermore, with the help of the Hodge operator, k-forms also couple magnetically to
D(7  k)-branes.
In what we have said so far, supersymmetry did not seem to play an important
ro^le. But this is a misconception, as it supplies one important additional structure: In all
theories with extended supersymmetries, the algebra contains terms of the general form
fQ;Qg = P  Z;
where we have denoted generic supercharges by Q, the generator of translations by P and
we have included a central charge Z. All these objects carry additional indices that are
not important here. After sandwiching this relation between some state h	j and j	i and
using the positivity of fQ;Q
y
g
h	jP  Zj	i = h	jfQ;Qgj	i = 2kQj	ik
2
 0;
we nd, in the rest frame, the famous \BPS-condition" for the expectation values
M  jZj:
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This means that the mass is always bounded from below by the charge of a state in
appropriate units. Even more important, if the bound is saturated | the state 	 is a
\BPS-state" | the representation theory of the supersymmetry algebra changes, there
can be multiplet shortening: Multiplets of BPS-states have fewer components than generic
multiplets.
As this shortening is a property of the symmetry algebra it survives continuous
transformations of the theory like quantization or tuning of the coupling constant. If a
theory classically and at weak coupling contains states that saturate the BPS-bound it is
generally believed that also the quantum theory, even at strong coupling has these states
that satisfy the same extremality condition.
It was known for a long time that the low energy supergravity-theories of string
theory contain black-p-brane solutions, the higher dimensional generalizations of extremal
Reisner-Nordstrom solutions of four-dimensional Einstein-Maxwell theory, that are extre-
mally charged under the Ramond-Ramond elds. But as fundamental strings are not
charged under these elds, their stringy origin was unclear until Polchinski realized that
D-branes also saturate the BPS-bound for the Ramond-Ramond charges and are therefore
the much sought for microscopic realizations of these solutions. Specically, the Dp-branes
are BPS in type IIA theory for even p whereas for odd p they are BPS in type IIB theory.
Like the extremal Reisner-Nordstrom solution, BPS-states often have a linearization
property: As they preserve some supersymmetry, some of the supercharges that square to
the Hamiltonian annihilate the state and therefore it is static. Furthermore, any super-
position of several copies of the same BPS state is static: Two extremal RN black hole
neither attract nor repel each other since the gravitational attraction is exactly canceled
by the electric repulsion. The same happens for D-branes: Parallel D-branes of the same
dimension neither attract nor repel since the forces mediated by the graviton, the dilaton
and the Ramond-Ramond eld cancel. It is possible for them to form a marginally bound
state.
In type IIA theory, we expect for N D0-branes such a bound state to have the mass












realized that this looks like the Kaluza-Klein spectrum








They conjectured that at nite coupling, type IIA theory is in fact eleven-dimensional.
This additional dimension is not visible in perturbation theory since this is an expansion
around g = 0. The eleven-dimensional mother-theory was called M-Theory, also to reect
its \mysterious" character.
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The assumption of M-Theory enables one to explain the origin of several features
of string theories. For example the type IIB theory that is related to IIA by T-duality
on another circle is known to have a SL(2;Z) S-duality, that can interchange strong and
weak coupling and transforms fundamental and D1-strings into each other. This SL(2;Z)
symmetry is very natural from the M-perspective: The two circles on which one compac-
ties M-Theory to reach type IIB form a torus that has a SL(2;Z) modular group that
should leave the IIB physics invariant. In particular, since (2.4) relates the radius and the
coupling and the modular group acts on the radii of the two circles that make up a circle,
we nd the modular SL(2;Z) acting on the IIB coupling.
M-Theory should have the same 32 supersymmetries as the type IIA string since
compactication on circles preserves supersymmetry. It was known from the work of
Cremmer and Julia
[CJ]
that there is only one supersymmetric, interacting low-energy theory



















































(for a discussion, see chapter 4).
This eleven-dimensional supergravity gives rise via dimensional reduction to all the
maximally extended supergravities in lower dimensions and for some time many people
believed in its ro^le in a fundamental theory mainly for aesthetical reasons. This hope was
shaken when it became clear that also this maximal supergravity is not renormalizable
and subject to quantum corrections. Dierent from the situation in ten dimensions where
string theories were at hand to serve as regulating theories that provide the appropriate
high energy degrees of freedom, this seemed not to apply directly to eleven-dimensional
supergravity. But with the advent of M-Theory, this attitude changed and it is generally
believed that eleven-dimensional supergravity is the low energy description of M-Theory.
The relation between the dierent Newton constants in Kaluza-Klein dimensional
reduction can be deduced from the fact that the gravitational action is always multiplied
by a factor of 
 2
D
and that in the course of the compactication the measure of integration
















Combining this with the well known relation of the ten-dimensional Newton constant to
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This, together with the relation (2.4) constitutes a useful dictionary to translate M-Theory




















Note that in eleven uncompactied dimensions, there is only one constant, namely the
Planck length, and there are no coupling constants or dimensionless parameters that would
allow for a perturbative expansion. This is reected by the fact that eleven-dimensional
supergravity does not have any scalar elds that could play a ro^le like the dilaton in ten
dimensions. As bosonic elds there are only the metric g
MN





. In modern language: M-Theory has no
moduli.







































. It is therefore expected that besides momentummodes (\gravitational waves")
that just carry momentum, there are fundamental membranes and ve-branes in M-Theory
that couple electrically respectively magnetically to the graviphoton eld. This expectation
is fostered by the existence of corresponding BPS solutions to the supergravity equations
of motion (see the review of M-Theory stressing the importance of these solutions
[T]
).
These ingrediences also allow for an explanation of the objects in IIA string the-
ory: The fundamental string is nothing but the eleven-dimensional membrane that wraps
around the compact eleventh dimension. As we already found above, the momentum
modes in the compact dimension are via the Kaluza-Klein mechanism to be identied with
the D0-particles. The membrane does not have to wrap the compact direction. It can
also occur as a membrane in ten dimensions then being interpreted as the D2-brane. The
D4-brane arises from the M-Theoryve-brane wrapping the compact direction whereas the
non-wrapping ve-brane is known as the Neveu-Schwarz ve-brane in ten dimensions.
The higher-dimensional D-branes couple magnetically to the Ramond-Ramond k-
form elds. Thus they are dual to the branes that we already found eleven-dimensional
explanations for. Indeed, the D6-brane comes as a Kaluza-Klein magnetic monopole that
is a Taub-NUT space in eleven dimensions. The D8-brane is dicult to handle since its
elds do not decay with radial distance just like the electric eld of a charged plane in four
dimensions.
There are also relations of M-Theory to the other string theories, namely type I and
the heterotic strings. They are not needed in the following and are omitted therefore in
this short introduction.















Fig. 2: The M-Theory phase diagram
The situation we nd in M-Theory is best displayed in the phase diagram Hermann
Verlinde uses to draw.
There are two order parameters: A typical length scale of a physical situation and the
string coupling constant. Whenever the coupling is small we expect string perturbation
theory to be trustworthy. We have also drawn the dierent length scales appearing in the
dictionary relations (2.5). For length scales larger than the Planck length `
P
, space-time
can be treated classically and the idea of a space-time manifold is valid. Note, that string
theory has a slightly dierent fundamental length scale, namely `
s
. For processes at larger
distances, we expect classical supergravity to be a good description since higher curvature




is small compared to typical
scales of the problem, the eleventh M-Theory-dimension is not resolved and the world
appears to be ten-dimensional. This can be seen to be always the case for perturbative
string theory above the Planck scale.
M(atrix)-Theory appears near the intersection point of all these length scales and
it is this thesis' main theme to investigate the overlap with the other regimes and mainly
eleven-dimensional supergravity.
We should not end this introduction without pointing the reader to some more
literature that can be used as an introduction to the topics covered here. The classic





has often been very useful. A well written introduction that
also covers some of the newer developments and is therefore complementary to the books
mentioned so far, are the two books by Polchinski
[P2]
. We have already mentioned the
review of M-Theory by Townsend that is based on an analysis of the eleven-dimensional
superalgebra
[T]
. There are several reviews of M(atrix)-Theory. Let us only mention the
ones by Bigatti and Susskind
[BS]
, the one by Banks
[Ba]
and especially the recent one by
Taylor with a strong focus on scattering theory
[T2]
. The lecture notes
[NH]
have a strong
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emphasis on the membrane aspect of the M(atrix)-Model.
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3. The Matrix Model of M-Theory
In fall 1996, Banks, Fischler, Shenker and Susskind came out with a seminal paper
[BFSS]
,
that proposed to give a non-perturbative denition of M-Theory in terms of supersym-
metric quantum mechanics of su(N) matrices. This thesis is concerned with consistency
checks of this proposal, especially by relating it to supergravity which, by denition, is the
low-energy limit of M-Theory. In this chapter, we are going to introduce this model and
establish some basic notions.
3.1. The BFSS Conjecture
M(atrix)-Theory, as the authors of
[BFSS]
called their model, is introduced to be the innite-
momentum frame description of M-Theory. The innite-momentum frame is reached
by singling out one "longitudinal" direction x
11
and then boosting the whole system so
strongly that all longitudinal momenta appearing in a given physical situation are much
larger than any other energy scale in the system. If we assume the x
11
direction to be
compact with a radius R
11













xed. Since N has to be an integer and is conserved in time, we can
think of it as the number of \partons" contributing to the physical situation at hand. They
constitute nitely many particles that can only be exchanged but neither be created nor
annihilated. In this framework, the full machinery of quantum eld theory appears to be
unnecessary and can be replaced by the much simpler notions of quantum mechanics.









(we use vector notation for space-like directions perpendicular to the longitudinal one)
simplies dramatically after interpreting p
+















Up to a constant, we are left with a non-relativistic dispersion relation where N , the total
number of partons, plays the ro^le of the mass. The theory is not longer Lorentz invariant
but we are left with Galilean invariance in the transverse directions. Thus, we should be
able to describe physics in the language of non-relativistic quantum mechanics.
Next, we can use the dictionary from the previous chapter that relates eleven-
dimensional objects of M-Theory compactied on a small circle to ten-dimensional objects
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of type IIA string theory: We have seen that the Kaluza-Klein modes in the compactied
direction carry RR-one-form charge and are therefore D0-particles. We can identify the
x
11
-direction from above with the compact direction that relates M-Theory and IIA string
theory, and nd that N has to be interpreted as the D0 charge from a ten-dimensional
perspective.
It is therefore natural to assume that the partons from above are nothing but the
D0-particles when viewed from a ten-dimensional perspective. This is the conjecture put
forward in
[BFSS]
: M-Theory in the innite momentum frame is given by the dynamics of
N D0-particles in the N !1 limit.
As we have explained in the previous chapter, the low-energy eective dynamics
of N Dp-branes is given by the supersymmetric U(N) gauge theory of the open strings
connecting the Dp-branes, dimensionally reduced to the (p+1)-dimensional world volume.
In the case of D0-particles, the world volume is only (0 + 1)-dimensional. Thus, all elds
only depend on time. Alternatively, we can say that all space derivatives @
i
for i = 1; : : : ; 9










































and A = A
0


























































]. Note, that this really
is the Lagrangian and not the Lagrangian density, as all spatial dependence of the elds
is gone and we are left with a quantum mechanical rather than a eld theoretic model.
It is possible to choose the Coulomb gauge A = 0 but only to the price of requiring












 ;  ] = 0:
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In most parts of our discussion, especially when doing quantum loop computations, we
will therefore not x this gauge.




























A =  2 ;
one acting linearly and one acting nonlinearly. This ts with the expectation from low-
energy M-Theory aka. supergravity which has 32 independent supersymmetries. As one
can see, the supersymmetry variation includes a gauge transformation and therefore the
supersymmetry algebra only closes on gauge invariant states.
The sixteen linearly realized supersymmetries can be grouped into eight fermionic
creation and eight annihilation operators as described for example in
[dWHN]
. They span a
256-dimensional fermionic Fock space whose representation content under the transversal
SO(9) is
44 84 128:
Those are nothing but the representations of the graviton g
MN
, the graviphoton A
MNP
and the Rarita-Schwinger gravitino 	
M
unter the SO(9) little group that make up the
eleven-dimensional supergravity-multiplet.
Thus, if there is exactly one massless state in the M(atrix)-Model, the eight fermionic
creation operators build the states of eleven-dimensional supergravity on top of it. There-
fore, to possibly recover supergravity from the M(atrix)-Model it is essential that there
is exactly one massless state in the model that describes a marginal bound state of N
D0-particles from the stringy perspective. Already in
[dWLN]
, it was shown that the model
has a continuous spectrum for all energies E  0, but there the question of zero energy
states could not be resolved.
In
[W]
, Witten gave an argument for the existence of exactly this one bound state
using string dualities. In
[SS]
, Sethi and Stern worked out the Witten index tr( 1)
#fermions
for the N = 2 case and found it to be one strengthening the believe in the existence of

















with the dicult problem of identifying the unique ground state.
In all what we have said so far, we thought of N as being a special kind of regulator.
Finite N physics was meant as an approximation and the full eleven-dimensional theory
should only be recovered in the limit N ! 1. Especially, d = 11 Lorentz invariance is
only expected in this limit as a boost in the x
11
direction changes N . But in spring 1997,
Susskind put forward \Another Conjecture about M(atrix)-Theory"
[Su]
: He proposed that
the nite N M(atrix)-Model is an exact description of M-Theory compactied on a light-
like circle with N units of momentum in the compact direction. This second conjecture
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was mainly based upon the observation that most consequences of the rst conjecture
presented above work equally well for nite N and that already the nite N gauge theory
has a number of duality symmetries one believes are essential for a model to describe
M-Theory.
One should be aware that a compactication on a light-like circle is at least on
the verge of being unphysical: It nearly violates causality. Furthermore, the notion of the
radius R
11
of the light-like circle is not invariant under Lorentz transformations. Therefore,





presented a \derivation" of Susskind's nite N conjecture
using the relations (2.5) along the following lines: Compactication on a light-like circle


























In a rst step, we are tilt the circle by a small amount R
s
























































with small radius R
s
. By denition, M-Theory compactied on a small circle is type IIA




D0-particles. During the boost, the light-cone energy p
+
was rescaled by a factor R
s
=R. In a third step, we can undo this rescaling by passing to a
\second"
~






































which goes to zero as we take R
s
to zero in the end to undo the tilt. This means that
we can ignore higher curvature corrections to the string eective action. The exited string
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states become innitely massive and decouple. Thus, the eective description of the strings
stretching between the D0-particles is really given by a gauge theory and not by a Born-













which also vanishes in the R
s
! 0 limit. This means that the closed strings and therefore
gravity decouples in this limit. We are left with a pure gauge theory.
Any transverse scales R
?
































This means that from the
g
stringy perspective, the transverse distances between the D0-
particles vanish and in the light-like limit R
s
! 0 the D0-particles coincide. Therefore,
we nd the gauge group U(N) to be unbroken, as the distances between the particles are
proportional to Higgs expectation values.
This concludes the argument that M-Theory compactied on a light-like circle is
given by ten-dimensional supersymmetric U(N) gauge theory dimensionally reduced to
the world-line of N coinciding particles.
3.2. D0-Particles As Particles
Let us inspect the M(atrix)-Model-Lagrangian (3.1) a bit closer. For a moment, let us set























We would like to guess low energy solutions to the equations of motion. As we have used
the natural unit system c = h =  = 1, low energy corresponds to E  1. This implies
that especially the potential energies very small and vanishes in the limit E = 0. This
equivalent to
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. An important observation of
[BFSS]
was that











and interpret them as the coordinates of N particles (namely the D0 branes) at time t. At

















If we decompose the gauge group as U(N) = SU(N) U(1) in terms of the determinant









we see that, even without the diagonal ansatz, the center of mass motion does not con-
tribute to the commutators and therefore decouples. This is as we would have expected it
for a system of particles without external elds. From now on, we are going to ignore this
trivial center of mass motion and take all matrices to be from su(N), i.e. to be traceless.
If we did not know about the ten- or eleven-dimensional origin of this model we
could use this manifold of low energy solutions (coordinatized by the eigenvalues of the
matrices) to dene the physical space-time of this conguration space. This a posteriori
construction of space-time can be viewed from a more general perspective: The idea is
to start with some auxiliary space-time of any dimension (here: the real line) and study
some eld theory on this space. Find the moduli space of vacuum congurations and
interpret it as the conguration space of particles (or maybe other objects) moving in the
true, physical spacetime. If the eld theory one started with is originating from a D-brane
construction, the term \D-geometry" has been coined by Douglas for spaces obtained in
this way.
Generically, the space of classical vacua will be very dierent from the space of
vacua of the full quantum theory that even might be completely out of reach. But for
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supersymmetric models, the situation is often better and some properties of the classical
moduli space will be preserved in the process of quantization.
The o-diagonal matrix entries will be shown in the next chapter to be massive with
a mass proportional to the separation of the particles. They should be interpreted as the
degrees of freedom of the strings stretching between the dierent D0-particles. They can
be ignored for large separations (as compared to the string scale) as they will be frozen in
their ground states. But for situations in which some D0-particles get close to each other
the o-diagonal degrees of freedom become light and start interacting.
The diagonal matrices of generic low energy congurations commute as do usual
coordinates. But in the close limit situations with o-diagonal matrix entries turned on,
this is no longer the case. This non-commutativity at short distances is believed to be a
generic feature of quantum space-times.
3.3. T-Duality In The M(atrix)-Model
As we have explained in the introduction, T-duality is a symmetry of string theories that
relates compactications on large circles to compactications on large circles. If a space-
time with a D-brane is T-dualized the open string boundary conditions get exchanged and
the Dp-brane is turned into a D(p+ 1)- or a D(p  1)-brane.
This T-duality should also be visible from the M(atrix)-Model-perspective and we
will present here the approach by Taylor
[T1]
. The idea is the compactication of one direc-
tion, x
1
say, on a circle of radius R is indistinguishable from an uncompactied situation




Fig. 3: Mirror particles and fundamental regions
Including all mirror particles, we have an innite number of D0-particles and there-
fore have to deal with innite matrices. But those matrices have a very simple structure:
If there are N particles in one fundamental region, we can take them to consist of N N
blocks. On the block diagonal, the entries describe interactions within one fundamental
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region, one block right of the diagonal, the blocks describe interactions across one bound-
ary of the fundamental region and so on. As the N D0-particles are in the same positions
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(k) 2 u(N) and the argument indicating the oset from the block diagonal. The
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The eect of multiplying by U is to shift n 7! n + 1. Alternatively, we can employ an
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Then U , interpreted as an operator, can be written as e
i
whereas multiplication by T can
be represented by 2iR
@
@













We nd again a gauge theory with nite dimensional gauge group u(N) but now in two








for i = 2; : : : ; 9 are scalar elds in the adjoint representation of the gauge group.
This is nothing but the (1+1)-dimensional gauge theory that is the low energy eec-
tive action describing N coincident D1-branes. Therefore, we have just given a description
of T-duality in the M(atrix)-Model language: It is possible to trade an \innity" in the
rank of the matrices for a new spacetime dimension.
3.4. The M(atrix)-Model and Supermembranes
The context of M-Theory and the M(atrix)-Theory conjecture were not the rst time the







of a quantum mechanical system with N = 16 extended supersymmetry and also in the
context of supermembranes
[BST][Ho][dWHN]
. As we have already mentioned in the intro-
duction, membranes are fundamental degrees of freedom in M-Theory. Here, we will only
sketch why they are described by the same M(atrix)-Model as the membrane interpretation
does not play a major ro^le in this thesis except for a short remark in chapter 6. For a
much longer review of the connection between supermembranes and M-Theory, see
[NH]
.
The Nambu-Goto action of the supermembrane is obtained by measuring the world















Here, we assumed the supermembrane to be embedded in an eleven-dimensional super-












































It was discovered in
[Ho]
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where r and s run over the remaining two world indices and i is a nine-dimensional transver-






















Another important observation was, that this, since it gives \the density of area" is invari-
ant under a residual symmetry of the membrane dieomorphism invariance. Namely, it is
invariant under the action of area preserving dieomorphisms (APDs). Those are locally








The APDs form a Lie-group, therefore their generators form a Lie-algebra with the bracket
being given by the usual commutator of vector elds. This Lie-bracket can be translated
into a bracket of functions by identication of the functions with the potential of the

































But this is nothing but the one-dimensional super Yang-Mills theory where the gauge
group is given by the innite-dimensional group of APDs. It is convenient to decompose



























It is a deep result that these structure constants for all possible membrane topologies can












We will indicate how this limiting procedure works only for the simplest case of toroidal
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that generate SU(N) if ! is an N
th
root of unity e
2ik=N
. They commute up to a phase
factor
UV = !V U






























































Obviously, this is just (3.3), the algebra of APDs on a torus.
This is just the toroidal case of the general fact that the action of supermembranes
in eleven dimensions is the limit N !1 of SU(N) super-Yang-Mills quantum mechanics
on the real line.
In the early days of supermembranes, it was thought that membranes in eleven
dimensions could be treated just like strings in ten but
[dWLN]
showed that the spectrum is
continuous. Therefore, there is no clear separation of particle masses in integer multiples of
the membrane tension 1=`
p
. Nowadays, this continuous spectrum is viewed as an advantage
as the membrane action we presented above is not the action of just one membrane but
of several ones, the membrane theory is automatically a second quantized theory: Since
the potential energy is given by the area of the membrane, additional innitesimal tubes
do not cost any energy. Thus, one can use such tubes to connect separate membranes
without changing the physical situation but turn several membranes into one that is again
described by the above action.
In the M(atrix)-Model-language, such a conguration can be described by block
diagonal matrices. Each block describing one membrane. They interact in terms of the
o-block-diagonal entries.
The reverse process can also be imagined: One membrane pinches o and \decays"
into two parts that are only joined by an innitesimal tube. Therefore, it is not sensible to
treat only single membranes, one always has to take into account multi-membrane states.
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4. The M(atrix)-Model at One-Loop Order
In this chapter we will present the basic setting of M(atrix)-Model scattering calculations.
We will study in some detail the calculation that rst hinted towards the possibility of
studying processes in gravity from a gauge theory perspective. Then we proceed to cal-
culate polarization dependant eects in order to demonstrate that we are really testing
supergravity and not just some eld theory in eleven dimensions. In the course of this
study, we will present dierent methods to obtain these results, each suited best for its
specic purpose. Especially, supergravity calculations can be quite lengthy if approached
too navely, but we will present more elegant ways to extract results in special cases.
4.1. The Born-Oppenheimer Eective Potential
In this section, we are going to study leading order quantum corrections to the classical
solutions of the M(atrix)-Model eequations of motion. In the simple free particles solution
we have presented in the last chapter, all o-diagonal matrix degrees of freedom were turned
o and did not contribute. In a quantum theory, the Heisenberg uncertainty principle
does not allow such a turning o of degrees of freedom. We have to expect quantum
uctuations. Those uctuations, on the other hand, will inuence the dynamics of the
diagonal matrix elements. This inuence can be summarized by an eective potential on
those \classical" degrees of freedom. After that we will compare the force described by
this eective potential to the gravitational force between gravitons in eleven-dimensional
supergravity. We will study in detail the leading order polarization independent potential
and the static spin-spin interaction. The agreement we will nd ts well into the connection
between the M(atrix)-Model and supergravity via the conjectured M-Theory.
This approximation procedure should be compared to the Born-Oppenheimer ap-
proximation used in calculations of molecular physics: There, one rst xes the positions
of the nuclei and employs a quantum mechanical calculation to nd the energy spectra of
the electrons in the electric eld of the nuclei. Then, one interprets the ground state energy
of the electrons, viewed as a function of the positions of the nuclei, as an eective potential
for the nuclei and solves for their classical trajectories in that potential. In both scenarios,
there is a separation into slow degrees of freedom that can be treated classically and fast,
uctuating degrees of freedom that can be integrated out and via their interaction with
the slow degrees of freedom leave an eective potential as their sole eect.
To get an idea of what we are going to expect, let us perturb a diagonal matrix by
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Plugging this ansatz into the bosonic part of the M(atrix)-Model-Lagrangian we nd the






























assume ! to be constant for the fast oscillations of  that are on the timescale of 1=!








k of the particles described by the
diagonal matrix elements. The quantization of this harmonic oscillator is basic textbook
knowledge and we nd the energy spectrum to be evenly spaced with level-spacing !. For
macroscopic separations, the oscillator will be frozen into its ground state of energy !=2.



















This potential ts well into the interpretation of the particles being D0-branes with strings
stretching between them: The string between particle a and b has a length ! and therefore,
according to the stringy version of Hook's law, a potential energy proportional to its length.
We are led to identify the o-diagonal degree of freedom  at position (a; b) with the string
degrees of freedom stretching between D0-branes a and b.
On the other hand, this potential seems to be disastrous for the asymptotic D0-
particle interpretation (remember that from the M-perspective the D0-branes are gravitons
with momentum in the compact M direction): The potential increases for large separations
and is therefore conning. There are no scattering states anymore, all states are bound!
But here, as so often, supersymmetry comes for a rescue: There are not only uctuations
on the bosonic o-diagonal elds, also the fermionic matrices uctuate and their eect is










































This supersymmetric extension is known to have the same energy level-spacing, but as
the fermions contribute with opposite sign, it has vanishing zero point energy. Therefore,
in the full supersymmetric model, the vacuum uctuations do not contribute to a static
potential that would correspond to a force between the D0-particles rendering the classical
state unstable. This is in agreement with the BPS no-static-force property that we expect
from the stringy picture of the situation.
To compute the full, velocity dependent eective action to leading order quantita-
tively we will have to perform a more careful calculation. This is what we will do next.
We will give a detailed presentation also to introduce some tools that we will need later
on, namely the background eld method and the heat-kernel.
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4.2. The Leading Polarization Independent Eective Potential
The calculation we are going to describe here was rst done by Douglas, Kabat, Pouliot
and Shenker
[DKPS]
in the boundary state formalism of string theory, but we are going to
give a description that is more intrinsic to the M(atrix)-Model and follows the lines of
[BB]
.
The determination of quantum uctuations around a classical solution is most easily
done in the background eld formalism. There, one splits the dynamical elds into some
classical part and the uctuating quantum part as  = f + and then expands the action
in the quantum eld:











[f ](x) + O(
3
)
The rst term does not depend on  and therefore only contributes a constant to the
action that can be discarded further on. The second term vanishes if f obeys the classical
equations of motion S= = 0. The third term is the background dependent kinetic term
O for the quantum eld that determines the propagator
1
O
. For a one-loop calculation,
this is all one needs, as in a loop of the quantum eld all vertices have exactly two quantum
legs while all the other legs are external; vertices with more quantum legs would occur only
at intersections of loops in higher loop diagrams. The external legs are represented by the
background.
Fig. 4: One loop in the background eld formalism







and can be conveniently calculated using an auxiliary function (it can be shown that this
is really a function and not a distribution) called the heat-kernel h(x; y; )
[Sch]
. It depends
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together with the boundary condition lim
!0
h(x; y; ) = (x; y). Note that symbolically
we can write the heat-kernel as
h(x; y; ) = e
 O
(x; y):








d h(x; y; )
Indeed, acting with O on G(x; y) and using the dening PDE, we obtain an integral over
a total derivative with only the boundary at  = 0 contributing the desired delta function.
Next, we ask how the eective action changes under variations of the operator O.




































After integrating over the variation, we end up with an expression for the eective action













Here, the trace is understood as a functional trace not only over possible color indices (in
general, the heat-kernel carries two indices that run over all contributing elds; we will
suppress these indices here) but also includes setting y to x and integrating over space-time.
In most applications of the heat-kernel, one has to use approximations of h as a
power series in , but in the case at hand this will not be necessary as for the operator O
that appears in the M(atrix)-Model, the heat-kernel is known exactly.
The planar one-loop gauge theory vacuum bubble in 't Hooft ribbon notation has
two boundaries so it represents two particle scattering as we will see later on. Let us
therefore anticipate that the one-loop calculation can be done with N = 2 without loss of
generality.
Fig. 5: One loop ribbon diagram
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Following
[BB]
, we perform the background quantum splitting for the M(atrix)-Mo-
















b+~vt. By a shift of t we can assume the impact parameter
~
b to be orthogonal to
the velocity ~v. The quantum elds are denoted by
~
Y and can be decomposed with respect






















































































In the previous chapter, we have gauged away the only remaining gauge eld A = A
0
that renders the time derivative covariant. This gauge is accompanied by the Gauss law
as a constraint. Therefore it is not very convenient. The background eld method oers
a possibility to x a gauge for the quantum elds while maintaining manifest background
gauge invariance. This is done by imposing the condition that the divergence of the gauge























to the Lagrangian. Fur-
thermore, we have to use covariant time derivatives @
t
+ [B; ] for all the elds. We nd

























































































The last term in the rst line is bilinear in the gauge eld and the component of
~
Y that

















The eigenvalues are easily found to be r
2
2v. Thus we nd the bosonic mass spectrum to
consist of ten massless bosons (A
3
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By varying the gauge xing term with respect to a gauge transformation, we nd






















































































































































In order to nd the eective action for the fermions, we employ the \doubling trick" that
amounts to noting that for an operator /D (in our case /D = @
t
  /B) we have
log /D/D
y
= log /D + log /D
y
= 2 log /D













; /B] + /B/B =  @
2
t
  /v + r
2
Again, we could diagonalize the mass matrix but we can also note that for each spatial
-matrix, half of the eigenvalues have to be 1 and the other ones have to be  1 since 
i














Collecting the masses of all elds and taking care of the anti-commutativity of
fermions and ghosts with a negative sign and a factor of
1
2
for the fermions to compensate
for the doubling trick, we nd the following table:
















2 0   1
16 r
2
  v   1=2
16 r
2
+ v   1=2
16 0   1=2
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In total, the various massless elds cancel each other in the eective action, which is what
one should expect in a supersymmetric theory. All the remaining elds are massive. Thus
we do not expect any infrared problems in the calculation. As \space-time" is only one-
dimensional, there are no ultraviolet problems, either, and the whole calculation of the
one-loop eective action is nite. One might wonder how, in this setting, eld theoretic
divergencies could occur at all, since the system is quantum mechanical and has only a
nite number of degrees of freedom. But this reasoning is not correct as by calculating
scattering amplitudes we are asking a eld theoretical question and thus we would have to
face divergences in a generic system.
All the background dependent kinetic terms we have found contain, besides the time
derivative, only terms constant with or quadratic in time. Therefore it sucient to know



















if we identify  with i , @
t
with iP and t with Q (note that the canonical commutation
relations are fullled after this identication!). The exact propagator of the harmonic
oscillator is well known (see for example
[Fey]
) and we nd the heat-kernel for a eld of


















where we introduced t

= (t  t
0









to the heat-kernel since it commutes with @
t
and therefore no Campbell-Baker-Hausdor-
like formulas have to be applied. Putting everything together and taking the trace over all




























































Thus we have found an eective potential proportional to the fourth power of the relative
velocity. Navely, on dimensional grounds, one might have expected also terms proportional
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(odd powers of v have to be absent since they change sign under time
reversal). Those terms of lower order in the velocity are absent due to the high amount of
supersymmetry. The rst one is just the static force we found above in the purely bosonic
reasoning while the second is typically present in situations that preserve only one quarter
of supersymmetry from the ten-dimensional perspective, like a D4-D0 bound state, and
not half of the supersymmetry as in the purely D0 scenario we consider here
[DKPS]
.
4.3. Newton's Law and Coulomb's Law in the Light-Cone Frame
If the strongest M(atrix)-Theory conjecture is true and the nite N M(atrix)-Model is a
description of M-Theory, the eective action we have worked out above should correspond
to some potential in eleven-dimensional supergravity which by denition is the low-energy
limit of M-Theory. Instead of performing a full supergravity calculation at this point (that
we would have to redo in a later chapter where we will study three-particle scattering), we
will consider a related scenario in simple electrodynamics that is much simpler to analyze
but bears the same features as the gravitational calculation.
x x
- +
Fig. 6: A particle moving in light-cone coordinates
Let us consider a massless charged particle that travels at the speed of light in x
1







direction. It produces a current






where we have denoted the light-cone coordinates by x

and the d  2 transversal coordi-








. To nd the electro-magnetic














The rst term vanishes since the situation is invariant under translations in the x
+
direc-

















is understood as log kx
?






Next, we shoot a second test particle through this electro-magnetic eld to nd the
force that is acting on it. We assume the test particle to be massless, too, thus it also
travels at the speed of light. We denote the components of its velocity in the transversal
directions by v
?
















; : : : ; x
d 1
) coordinates. The acceleration the test particle feels due to the electro-


































































that is proportional to the square of the transversal velocity, dierent from what
one might have expected from applying Coulomb's law navely. Especially, if the velocity
of the two particles is parallel, there is no force at all and the conguration is stable! One
could proceed adding charged particles ying in that direction and still have a solution to
the equations of motion. Thus we have found a superimposable solution to the, in general,
nonlinear system of coupled equations of motion and eld equations. The physical reason
for this linearization is that, in the case of particles traveling at the speed of light, the
static Coulomb force and the velocity dependent Lorentz force cancel.
In fact, one can express this cancellation in more elaborate terms: In a supersym-
metrized version of electro-dynamics, this eld conguration, with all additional fermion
elds consistently set to zero, is a BPS conguration that preserves half of the supersym-
metry. The linearization is just the familiar superposition of BPS congurations that is
also well known from extremal Reissner-Nordstrom black holes. Another property of the
potential is the fact that the distance dependence is by two powers weaker than the 1=x
d 2
dependence of the usual Coulomb law.
Because of the special form of the eld-strength F
i 
, there is no way to contract
more than two eld strength tensors with at most two free indices even with the help of an
 tensor since there is no tensor with two upper ( )-indices. Therefore, any corrections to
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this solution in higher derivative-versions of electro-dynamics vanishes and we can conclude
that we have found an exact solution even for higher derivative-corrected theories, that for
example might arise as eective theories from quantization of this theory.
For gravity, there is a solution to the Einstein equations that corresponds to (4.3).
It describes a \massless black hole" that is boosted to the speed of light and is known as

































with arbitrary . This solution, dimensionally reduced from eleven to ten dimensions on
a light-like circle, yields the solution of ten-dimensional supergravity that is believed to be
the macroscopic description of a D0-particle.
A massless test particle with the same d-velocity u as above feels a gravitational

















































































if we evaluate the expression for eleven-dimensional supergravity. In contrast to the poten-
tial in the Maxwell theory scaling with v
2





. This is a manifestation of a phenomenon that is well known in string theory:
Scattering amplitudes (we have calculated an eective potential but this is closely related
to a scattering amplitude by the LSZ-formula) in gravity are often expressible as squares
of gauge theory scattering amplitudes due to the fact that the former are described by
closed strings with two independent sets of oscillator modes whereas the latter ones are
obtained from open strings with just one independent set of modes
[GSW]
.
If we are interested in higher orders in v
?
, we should be careful to note that in the
Aichelburg-Sexl background (4.4) is no longer light-like but we have to take into account
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corrections. Therefore, in that case, it is more convenient to follow the approach of
[BBPT]
.
Here, we normalize u by setting u
+
= 1. This corresponds to parameterizing the world-line
by  = x
+
































should consider the Legendre transform of L with respect to u
 
. As the Lagrangian of a
massless particle is zero, we nd (we set p
 






























It was one of the original supporting arguments for the M(atrix)-Theory conjecture
in
[BFSS]
that not only the form of the potentials (4.2) and (4.6) matches but also their
numerical coecient  15=16 (it turns out  =
15
2
is really the correct normalization for
the Aichelburg-Sexl metric in order for the solution, when reduced to ten dimensions,
carries one unit of D0 charge). This was taken as strong evidence for the conjecture
that eleven-dimensional M-Theory is well described by the quantum mechanics of the
supersymmetric matrix model. It is the main purpose of this thesis to investigate whether
this correspondence persists in further, more detailed comparisons of scattering processes.
4.4. Spin-Spin Interaction in M(atrix)-Theory
As it should have become clear in the preceeding section, the calculation of the leading
order force on the test-particle in the Aichelburg-Sexl metric did not involve any properties
of the test particle. The force we found is universal and independent of the kind of particle
and of possible orientations and polarizations. To support the assumption that the particles
described by the diagonal degrees of freedom of the matrices should be identied with the
particles of the graviton multiplet of eleven-dimensional supergravity, we need to test
properties specic to gravitons like the spin being s = 2 and resulting polarization states.
Therefore, in this section, our aim is to calculate the part of the potential that is maximally
dependent on the polarization of the scattering particles. In analogy to atomic physics, we




As it is known since the early days of the supermembrane
[dWHN]
, the 128 + 128-
dimensional graviton multiplet of maximal supergravity arises in the M(atrix)-Model by
acting on some ground state wave function with the eight fermionic creation operators
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built out of the fermionic matrices. Thus, the dierent states of graviton polarization are
accessible in terms of expectations involving the fermionic elds.
We are going to look for these spin dependent interactions in the terms in the





calculated before. But instead of applying the possibly one-loop modied supersymmetry
transformations on this term, we are going to calculate the eective action directly, again
with the help of the background eld formalism.
Power-counting tells us that we can expect to nd each factor of v possibly being
replaced by  
2





Because of the supersymmetry cancellations we encountered for the purely bosonic term,
there should not be any static terms with less than eight fermions. This will indeed be the
result we will derive in this section.
Before we start with the actual calculation, let us state some -matrix identities.
We use a representation of the SO(9) Cliord algebra by real, symmetric matrices
[GSW]
.
From this it follows that products of two or three -matrices are anti-symmetric in the
spinor indices whereas products of zero, one, four, and ve are symmetric. Thus, we have
for an anti-commuting spinor 



















































In SO(9) there is one Fierz identity that is a remnant of SO(8) triality: Any anti-symmetric






















This can be used to derive a couple of identities that we will need later on. We list them
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If we adhered strictly to the background eld formalism we should consider fermionic
background elds being turned on in order to nd fermionic terms in the eective action.
But those would result in boson-fermion mixing terms arising from the Yukawa interaction.
One would have to diagonalize a mass matrix with fermionic entries. In order to circumvent
such diculties, we decide to treat only the bosonic part of the background with the help
of the background eld formalism and to calculate diagrams with external fermion lines.
Because we are only interested in the static term, we can set v = 0. This removes
all explicit time dependence of the background Lagrangian and we can therefore easily cal-
culate diagrams in momentum representation rather than in position space representation
to where one has to resort so as to treat non-constant backgrounds.
As we will see, there will only be o-diagonal elds running in the loop because the
background elds are all diagonal and because there can be only one diagonal eld at the
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The ghosts can be ignored as they do not couple to the fermions directly. We can directly
read o the Feynman rules. We denote the gauge eld by a dashed line, the scalars by a




















































44 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 4. The M(atrix)-Model at One-Loop Order
We rst consider diagrams with two external fermions. There can either be a gauge eld
or a scalar running in the loop. The diagram with the gauge eld is easily found to vanish


































Both of the above diagrams are traversed by only one fermion. We will call any
series of fermion traversals connected by Y elds a chain. A chain is ended by the gauge
eld or it connects back to itself (in case the loop does not contain any gauge elds). As
an example, there are four 
6
diagrams shown in Fig. 7. The rst contains three chains
with only a single fermion traversion each (one link chains). The last two contain three
link chains.
Fig. 7: The 
6
diagrams
Here, we prove that any diagram containing a chain with an odd number of links
is zero. First, consider a closed chain with n links. Before doing the ! integral, it will





















Each fermion bilinear is anti-symmetric in its SO(9) indices. Since there is an odd number








































to reproduce after a relabeling of the contracted indices the negative of the original ex-




















which vanish for a similar reason. Therefore, any diagram containing a chain with
an odd number of links is zero. All diagrams that have an odd number of pairs of external
fermion lines must contain a chain with an odd number of links. For a diagram to give a
non-vanishing contribution, the number of external  lines must be a multiple of four. Via
supersymmetry, this corresponds to our earlier nding that bosonic diagrams with an odd
number of factors of v have to vanish by time-reversal symmetry.
After what we have said so far, the 
4
term could be non-vanishing. But it also can
seen to be zero as follows: First, one diagram is zero because it contains odd chains:
= 0
The cancellation of the remaining two diagrams needs two of the identities we listed above,
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and, including a factor of
1
2










































The vanishing of this term is again related, via supersymmetry, to the vanishing of a purely
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= 0






















































The rst diagram contains two chains of length two. Again, we include a symmetry factor































To simplify the two nal diagrams, we employ identities (4.9), (4.10), (4.11), and (4.12).
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There may be terms of higher order in . Since  only has sixteen components, the only two








. These are related to










which we also suppressed above. It is remarkable that
the contributions from the diagrams conspire to give exactly the coecient that one gets
from acting on 1=r
7
with four gradients.
In order to make contact with supergravity, we take the Fourier transform in the
nine transversal directions:




























4.5. Spin-Spin Interaction in Gravity and String Theory
To make contact with the gravity interpretation of the process, we follow
[H]
. There, it
is found that the calculation of the polarization dependent terms of the eective action in
gravity is most easily performed using string theory to keep track of the various kinematic
indices. We will use coordinates that that are explicitly covariant under the SO(9) of the
transversal coordinates.
The process we consider is the scattering of two Ramond-Ramond particles in nine-
dimensional type II theory. The calculation will be performed in the Green-Schwarz for-
malism. Amplitudes of gravity arise from scattering closed strings. Since we try to match
four factors of J describing graviton polarizations we are interested in a closed string four-
point function. As we already mentioned above, those can be constructed by multiplying






































are polarization tensors of the external particles, C(s; t; u) is a function of
the Mandelstam variables that, in our case of small relative velocities v and vanishing
momentum transfer q, reduces to =8q
2
and the K's are kinematical factors of open string
four point functions.
As we are going to scatter Ramond-Ramond elds that are made up of tensor
products of left- and right-moving spinors, the relevant open string process is the scattering
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Here, the u
a
are the wave functions of the external fermions. In our case of eikonal
scattering we can ignore the term proportional to t = q
2








































where SO(8) matrices from
[GSW]
were used. The external wave functions have to be






This can be achieved by writing the sixteen component spinor u
L=R
as the transpose of
two eight component spinors (
L=R
; 0) and in the rest frame, where p has only components
































Now we boost the incoming spinors to velocity v and the outgoing spinors to w. For




















with similar expressions for outgoing particles and right moving spinors. Dening the
center of mass frame momentum
~
k = M(~v + ~w) and momentum transfer ~q = M(~v   ~w),











































































































potential while the last term squared matches the spin-spin interaction we
have calculated above by means of the M(atrix)-Model. The other terms are various spin-
orbit interactions most of which have also been calculated from the matrix perspective
using dierent methods. The leading spin-orbit term was rst found in
[K]
by calculating








term using perturbative heat-kernel methods. Up to date, there is
no direct perturbative calculation of the six fermion term in the M(atrix)-Model, although
its form and coecient have been found using supersymmetry.
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4.6. Understanding the Correspondence
In the previous section, we found a strong connection between the M(atrix)-Model and
eleven-dimensional supergravity. More specically, we found we could calculate the leading
order tree-level (corresponding to classical supergravity) scattering amplitudes also using
the M(atrix)-Model at one loop-order.
If we look at this process from a stringy point of view, the process is described by
the following diagram:
As a tree level gravity amplitude, it can be viewed as the exchange diagram of a closed
string. As a gauge theory diagram, it can be viewed as a one loop diagram of open strings.
From the latter point of view, the diagram is more conveniently drawn as the annulus
diagram
:
In the gauge theory language, this can be viewed as a Feynman diagram using 't Hooft's
ribbon notation where gauge elds are represented by ribbons with the closed lines indi-
cating the contraction of matrix indices.
This world-sheet duality already makes the correspondence less mysterious. As it
was already noted in
[DKPS]
in this specic process, world-sheet duality is even stronger
then in the generic case, since in the explicit calculation of the diagram one nds that
only the world-sheet zero modes representing the massless elds of supergravity and gauge
theory contribute to the amplitudes; all the higher excitations decouple. In
[MSS]
it was
argued that this renders the amplitude scale independent. In fact, just looking at the
topology of the string diagram is too naive because one should expect the open string
description to be appropriate for D0-particles that are very close such that the stretching
open strings are shorter than the string length
Fig. 8: The open string regime
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On the other hand, the closed string description is more appropriate when the D0-
particles are separated by distances larger than the string length.
Fig. 9: The closed string regime
Even if world-sheet duality is not a proof of equality of open and closed string am-
plitudes in the low energy eective limit that is considered here (gauge theory and gravity
respectively) where one only considers the zero modes, it can be a very useful tool to
determine which amplitudes have a chance to be related to each other. For example, in
the diagram above, we see that two, the number of D0-particles and therefore the number
of boundaries in the closed string picture is the number of index loops in the open string
description. In particular, we immediately recognize that one-loop diagrams in M(atrix)-
Theory are relevant for two particle scattering. Indeed, one nds that if one calculates
one-loop diagrams for M(atrix)-Theory with N > 2 one nds again the same terms we
calculated above describing the mutual interactions of all pairs of particles whereas gen-
uine three particle interactions are visible only at the two loop level. The three particle
interactions will be the topic of the next chapter.
But before we move on to the investigation of higher order interactions, let us discuss
the most convincing reason for the agreement we found in this chapter: supersymmetry.
After the at rst surprising connection between the matrix model and supergravity was
found, it was stressed that both theories have an extremely large amount of supersymmetry
that severely constrains possible interactions. This was pointed out especially after Becker
and Becker found in
[BB]
that the two particle interaction is not modied at the two loop
level although power-counting allows v
4
terms that are sub-leading in 1=r.
Indeed, Paban, Sethi, and Stern showed in
[PSS1]
that the complete fermion structure




term using supersymmetry alone.
Later, in
[HKS]
all terms in the eective action together with possible one-loop corrections
to the supercharges that are known only on-shell were derived. Nicolai and Plefka showed
recently
[NP1]
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up to total derivatives and an arbitrary function g, if one takes v and  to be constant
in time. Any Lagrangian of this form is invariant under the original supersymmetry vari-
ations. If one further requires the action to be regular at v = 0, the constant term in
a Taylor expansion of g around v
2
= 0 is absent, whereas the linear term is the action
of a super-particle and the quadratic term is the one-loop eective action of which we
calculated the bosonic and maximal spin dependent term above. This should be viewed
as a non-renormalization theorem for the two particle interaction that is crucial for the
connection with supergravity not to be destroyed by higher loop corrections that modify
the 1=r
7
dependence of the v
4
term. Anticipating a result form the next section, we note
already at this place that in
[PSS2]
a further non-renormalization theorem for two particle
interactions at the order v
6
in velocity, relevant at the two loop order, was proven.
However, it is important to note that these non-renormalization theorems are valid
completely within the M(atrix)-Model and do not use directly the supersymmetry of the
eleven-dimensional supergravity. Moreover, the direct connection between the supersym-
metries is not known and also, as we saw, the loop expansion in both theories are dierent:
Above we could compare a gauge theory loop diagram to a tree level diagram in gravity.
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5. Two Loops and Three Particles
In this chapter, we go one order further. This will enable us to study processes with three
particle interactions. First, we will again compare M(atrix)-Model amplitudes to classical
supergravity. But we will argue that at the two loop level, quantum corrections to super-
gravity should be visible. We will investigate whether these corrections are reproduced by
the M(atrix)-Model and nd a negative answer!
5.1. Power-Counting | The Rules of the Game
Before we go into the details of higher loop matrix calculations, we will have a closer look
at the power-counting in this model in order to derive some simple rules that allow us to
anticipate what kind of terms can be expected from detailed M(atrix)-Model calculations.




term to introduce the kinds of tricks
we are going to play here. Let us pretend we calculate the diagram without the help of
the background eld formalism but with external legs and in momentum representation.
We expect one-loop diagrams with four external v lines to contribute. As there are no

























There is one momentum ! running in the loop. The two bosonic propagators in




. Ordinary external bosonic lines would contribute
factors of X rather than v. As we are interested in terms in the eective action involving
v's, one has to get a time derivative acting on the external line. This can be obtained in
the integral expression for the diagram by partial integration. The eect is that the vertex




representation. Therefore, there will be four extra factors of
1
!
for the four external lines.
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This integral is infrared divergent. But we have not taken into account that there is a
natural scale in the problem, namely the impact parameter b that can serve as a cut-o.




















where we substituted r for b by assuming the Lagrangian to be local in time. This inter-
pretation of b or r as an IR cut-o can be justied from our more carful treatment in the
previous chapter. There, the particles running in the loop had masses at the order of r.
This example shows that with this crude reasoning we can predict possible terms in the
eective action. We will proceed by transforming this diagram by inserting further vertices
and propagators to yield any possible M(atrix)-Theory diagram and read o the scaling



















because of the partial integration at





leaving the number of loops untouched. Note in passing, that there can never be an odd
number of v's in purely bosonic terms as there are only four-point vertices (with an even
number of \ports") and internal lines connect two ports. Therefore, there also have to be
an even number of external lines connecting to the remaining ports. This agrees with the
expectation of time reversal symmetry of the model.
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and also a new momentum integration
R
d! which can




This reasoning is too crude to dierentiate between the dierent loop momenta. For
amplitudes with more than two particles involved, there are more than just one distance
scale b. One should expect a sum of dierent terms but the power-counting rules we derive
here are not capable of resolving those.
The next modication of a diagram we are going to look at is the replacement of a
bosonic loop by a fermionic loop. As the Yukawa interactions are only three-point vertices
















the overall scaling of the diagram is not aected.
Finally, we want to insert external fermions. Just like factors of v in purely bosonic
diagrams, they always come in pairs. Thus we look at the insertion of a pair of fermions

















These operations allow us to obtain every diagram that is consistent with the Feynman
rules of the M(atrix)-Model up to \topological" transformations that do not change the
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Consequently, if we ignore fermionic external lines for a moment, the eective action or-















































































, we see that
those terms match the terms on the diagonal. Terms to left of the diagonal have to vanish.
Otherwise, for large separations | the regime of gravity | those would dominate the





as strong support for the M(atrix)-Model conjecture. In
[PSS1]
it was shown that in fact
all coecients c
n1








which agrees with the expectation (4.6) from supergravity. Again, in
[PSS2]
, Paban, Sethi,
and Stern were able to deduce from supersymmetry that c
n2
vanishes for n > 2. Up to
today, there are no results for terms below the diagonal c
nm
for m > 3 corresponding
to more than six powers of relative velocity. Further non-renormalization theorems are
not expected, there are even indications of infrared problems
[DEG]
at higher loop orders.








Unfortunately, to derive this number from M(atrix)-Theory one would have to calculate
about one hundred diagrams even in the background eld formalism. The calculation
of these three-loop amplitudes involves complicated Schwinger parameter integrals that
probably cannot be calculated analytically but only numerically. This makes it plausible
that the task of determining c
33
is only possible with massive computer use.
5.2. Three-Graviton Scattering at Leading Order
The investigation of scattering processes of more than two particles allows for much more
sophisticated tests of the M(atrix)-Theory conjecture than the two-particle case because
the kinematics is much richer: There are not only two parameters, the impact parameter b
and the relative velocity v, but there are already nine of them for three-particle processes:
From two vectors of relative velocities and two vector impact parameters one can form ten
invariants under the SO(9) rotational group, namely there are the four magnitudes plus
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six relative scalar products. One of them can be removed with the help of time translation
invariance or the energy conservation constraint (this is the generalization of the fact that
we could assume ~v and
~
b to be orthogonal in the two-particle case).
This allows for more terms with dierent tensor structures in the eective action
at a given order of perturbation theory; each of them would have to come out with the
correct coecients.
As the string theory tree level diagram for three D0-particles can be transformed
into a two loop gauge theory ribbon diagram, we expect the M(atrix)-Model to contain
the three particle interactions at its two-loop level.
Fig. 11: Three-particle scattering as a string diagram
Fig. 12: The M(atrix)-Model three-particle diagram
When, in fall 1998, Dine and Rajaraman
[DR]
looked into this problem, the disagree-
ment they found came as a shock to the community. Their argument roughly went along
the following lines: They studied a three-graviton interaction in a limit where the separa-
tion r between two particles (say particle one and two) is much smaller than the distance R
to the third. They argued that in supergravity, the leading order process is the interchange
of one graviton between particle one and two and one between two and three.
From applying Newton's force law in light cone-coordinates twice, one expects this
























The M(atrix)-Theory side of the argument can be understood with the power-
counting rules we derived above: As there are two distance scales there will be two loops
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Fig. 13: The supergravity process studied in
[DR]









. Four external lines
(two incoming and two outgoing) should be attached to the large R loop. They have to














Obviously, this is the wrong dependence on the two distance scales. The rest of the
paper went a long way to carefully calculate the gravity amplitude both from supergravity
Feynman rules and from string theory to make sure the coecient does not vanish.
As it became clear a few months later, the argument given above contains a aw.
The error is that beyond the one-loop level the background does not only modify the
propagators but also the vertices as some of the elds at a vertex might be external.
Especially, using the background eld formalism, the M(atrix)-Model also contains eective
bosonic three point vertices that allow for diagrams of the \setting sun" type:
This diagram is symmetric with respect to ! and 
 and it is therefore not obvious that it








In an impressive calculation, Okawa and Yoneya showed that, to leading order, the M(a-
trix)-Model and supergravity indeed give exactly the same amplitude for three graviton
processes at leading order.








Fig. 14: The setting sun diagram
In their two papers
[OY1][OY2]
, the scattering amplitude on the supergravity side
was derived much in the same source-probe approach that we used in the previous chapter
where to work out the correction to the action of a particle in some ambient space-time that
is generated by the source particle. This approach becomes more and more complicated
for higher order calculations of more than two particle processes since there is no exact
solution for more than one source particle. One has to resort to a perturbative solution
in terms of Newton's constant . The book-keeping of the orders of  that are required
at the dierent stages of the calculation and the possibility of recoil eects makes such an
approach not straightforward and dicult to extend to even more complicated situations
like the ones we are going to consider later in this chapter.
Instead, as in
[HPSW]
, we treat perturbative supergravity as a eld theory and apply
the formalism of Feynman diagram perturbation theory. This approach has the advantage
to be straightforward, very clear-cut, and easily extendable, in particular, it is well suited
to be put on a computer for an computer algebra system like FORM to simplify.

























































, g = det g
MN
, and capital latin indices from the middle of
the alphabet run from 0 to 10.  is Newton's constant in eleven dimensions. As usual
























= 0 (indices are raised and lowered with the at metric) being covariant is
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We want to study three-graviton scattering at tree level. As there are no terms in the
supergravity action that are quadratic in the gravitons and linear in one of the other elds
(graviphoton or gravitini, cf. Fig. 13), the only contribution comes from the pure gravity
sector, i.e., the Einstein-Hilbert term.
In particular, we shall need the two and three graviton vertices arising from its
expansion. These are quite lengthy expressions that have been calculated in
[Sa]
.







gravitons into three gravitons and concentrate only on helicity preserving terms, i.e. terms
































The eleven-dimensional momenta are conveniently parameterized in a light-cone frame
























































= 0 and i = 1; 2; 3, using a boldface vector notation for the transver-
sal SO(9) indices m. Note, that we are considering only processes with zero compactied
q
 
momentum transfer between incoming particles i and outgoing ones i
0
as compactied
momentum transfer is a non-perturbative process in our M(atrix)-Theory background.
This will be discussed in more detail in the next chapter where we will investigate momen-
tum transferring solutions. For the time being, let us restrict our attention only to those
kinematical setups that do not change the p
 
components of the individual particles.




















Moreover, we will study the amplitude in an eikonal limit. To be precise this means we






) and permutations). Terms in which
this minimal pole structure is canceled represent contact interactions and cannot reliably
computed in the eikonal M(atrix)-Theory framework we present here. Up to permutations,
there are three types of diagrams: The V-type diagram with a four-point vertex as in
Fig. 13, the Y-type or cartwheel diagram
and the rescattering diagram:
The tedious but straightforward evaluation of these graphs was performed with the
help of the computer algebra system FORM
[V]



























































Fig. 16: Rescattering diagram
where we suppress terms higher order in v
i
and lower order in q
i
. Similarly, there is only






























































Note that, using (5.4),  is odd under permutations of the particle labels 1,2, and 3. In













































































where \cyclic" indicates the two cyclic permutations over the labels 1, 2, and 3. Sum-
ming up these three diagrams, one obtains the nal result for the eikonal three-graviton
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In the above discussion, we have deliberately omitted the N -dependence because we have
complete control on the M(atrix)-Theory side for N
i
= 1 only. Anyway they can easily
















It should be noted, for example by inspection of the supergravity Feynman diagrams
that we have really tested non-linear properties of supergravity and not only the linearized
free theory of the spin 2 particle. It is well known that that General Relativity is the
minimal Lorentz invariant interacting theory with at most two derivatives in the action
that contains an interacting spin two particle, i.e. reduces to linearized gravity upon
linearization. Furthermore, the supergravity of
[CJ]
is the only possible supersymmetric
extension of General Relativity in eleven dimensions.
Thus, if one were able to prove quantum Lorentz invariance of the M(atrix)-Model in
the large N limit, the verication of the non-linear structures that are probed by the three
particle processes we consider in this chapter would determine that the M(atrix)-Model
really yields supergravity and not a dierent though similar theory in the low energy limit.
5.3. Three Gravitons in M(atrix)-Theory
In this section, we will present the M(atrix)-Theory side of the calculation above. Our
presentation extends the one in
[OY1]
. To simplify calculations, it was assumed there that






are perpendicular to the relative velocities
v
ij
. As we explained above, this is imposes no restriction in the case of two particles
but substantially restricts the number of SO(9) tensor invariants for the three particle
case. To have access to many more independent terms and therefore perform a much more
ne grained analysis, we will here close this gap and treat the most general three particle
kinematics.



































































where we have again used t

= (t  t
0
)=2. Note that t
+





would have expected for a local eective Lagrangian.
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Fig. 17: Dumbbell ribbon diagram
Fig. 18: Setting sun ribbon diagram
There are three dierent two loop topologies: The dumbbell
the setting sun
and the gure eight.
Fig. 19: Figure eight ribbon diagram







any terms from the setting sun diagram that can be written as a total d=d
i
derivative







details). Because we do not perform a Legendre transformation, we have to include all
possible diagrams. As disconnected diagrams contribute only to disconnected diagrams
on the supergravity side, they can be left out of this analysis. But connected one-particle
reducible graphs have to be included and correspond to supergravity rescattering processes
that were described in
[OY2]
.








































































































































































































































































The Okawa-Yoneya computation of the function P
Y
is a very impressive technical







result itself is given by equation (3.47) of
[OY1]
along with three pages of the appendices of
that work). Its correctness (at least to leading order in v
ij
) is well tested by comparison
with supergravity.
A remark on the N dependence of the two-loop eective action ,
2 loop
is in order.
The planar two-loop graphs trace over three independent U(N) indices i; j; k as they all
have three boundary components in the 't Hooft's ribbon notation we have been using
above. Thus they give rise to three body interactions as we had expected from the world
sheet duality argument given above. For backgrounds consisting of three blocks propor-
tional to unit matrices of size N
i




















scales homogeneously like N
3
to all orders in v
ij
, precisely
like the corresponding supergravity term (5.6).
But as we have seen in the rst section of the last chapter, having blocks of multi-




matrices can be interpreted as N
i
coinciding particles with possible
massless strings stretching in between. The restriction to diagonal matrices therefore not
only excludes degrees of freedom with large masses but also massless ones. We would be
throwing away light degrees of freedom by hand, and proceeding like this is not physical.
Rather, one should insert the ground state wave function for the U(N
1
) M(atrix)-Model,
which is unfortunately not available. Therefore, to get around these diculties we will
take our result seriously only for N
i
= 1.
Up to now, we have simply restated the results of
[OY1]
. In what follows, we will
compare these results with the tree level supergravity S-matrix and in doing so show how
to relax the restriction fb  vg = 0. Thereafter, the same techniques will be employed to
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Let us begin with the most dicult contribution ,
Y
as in (5.11). One might suspect,







ought to correspond to the triple pole structure of the Y-type diagrams in supergravity,
and indeed this nave suspicion will be borne out in the following. As we have done the
supergravity calculation in momentum space, we will perform a Fourier transform to the
M(atrix)-Model eective action. The LSZ-formula tells us that the leading-order spin-


































Note that we have dropped contributions corresponding to disconnected processes, so
,
2 loop
no longer appears in the exponent. The transverse kinematics described by (5.12)


















in accord with our parameterization (5.3) of the kinematics in the supergravity process.
Note that at this stage v
i
is not a velocity anymore but rather the average momentum of









depends on relative quantities only, the















) which we drop from now on. Concentrating on the ,
Y















































































as we expect agreement with the supergravity amplitude.
However, if one examines the polynomial P
Y
, its leading behavior is quadratic in velocities
and the heat-kernels  are velocity independent to leading order. In order to see explicitly
how the cancellations of terms quadratic and quartic in velocities occur, two observations
are needed. Firstly, examining the t
 

































one sees that under the Gaussian t
 
integral, all terms odd in t
 
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Next, observe that acting on the three heat-kernels with d=dt
+

























































part of a factor Q and can be completed as such. Therefore, writing Q as d=dt
+
acting






. Coupled with the rst observation, one in fact nds that miraculously all terms
proportional to squares and the fourth order of velocity cancel. We stress that no restriction
involving inner products of velocities and impact parameters needs to be imposed for this
cancellation to take place.




b integrals and thereafter shift












) so that the t
+
integral








































































where the tilde over P
Y
indicates that we have performed the manipulations indicated in
the two observations above.
So far, we have managed to rewrite the ,
Y
contribution to the M(atrix)-Theory S-
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Note that we have performed the integral over t
 


















only (ij = (12; 23; 31)) and their leading behavior
goes with the sixth power of velocity. Also, their coupling to r
ij
has been schematized.





proper time parameters 
i
. If, for the moment, we content ourselves with the leading order










































































































yielding a factor p
9
after the appropriate shifts in the integration variables. Remarkably,



































































Although we postpone the orchestration of the two-loop leading-velocity M(atrix)-Theory
result to the end of this section, we remark already that (5.15) has precisely the correct
form to match with tree-level supergravity graphs of the Y-type in the triple pole sector.
Compared to the ,
Y
contribution, the computation of the S-matrix elements arising
from the ,
V
terms are very straight forward. By inspection, the leading contribution from
,
V































where delta functions over energy and momentum have been suppressed. We emphasize
that this result mixes with terms arising from dumbbell graphs ,
o o
which we will consider
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next. Thus a comparison to supergravity is not possible until we consider the sum of all




The nal M(atrix)-Theory contribution to the leading order 3 ! 3 S-matrix is
given by the dumbbell diagrams. In
[OY2]
, it has been shown that these graphs can be
given the interpretation of recoil corrections to a source probe approximation as we have
presented it in section 3.3. In Feynman diagram language there is, of course, no articial





contributions mix, this is certainly the case).
In order to extract the S-matrix contribution from ,
o o
as given in (5.8) and (5.9)



















The explicit time derivatives appearing in the truncated tadpoles in (5.9) may be con-
verted into !'s upon integration by parts. Then, in the same fashion as explained above,
interchanging d
9
b and time integrals and shifting b 7! r(t), then performing the resulting































































Note that we have kept only the leading order velocity dependence and discarded those
terms in the sum over U(N) indices i, j, and k for which the inner matrix index loop
running around each end of the dumbbell takes the same value since one may convince






















the usual energy conserving delta function which we suppress as before. The integral over






































































in (5.16). Clearly then, one sees that from a physical point of view
the split into recoil and non-recoil terms is an artefact of one's approximation scheme. In
a Feynman graph approach, where one simply computes all terms contributing to a given
order in velocity, there is no need to make such a distinction as long as one also computes
all Feynman diagrams on the M(atrix)-Model side.
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of all terms from equations (5.15),
(5.16), and (5.17) reproduces the tree level supergravity result (5.6). No restriction upon
impact parameters or velocities has been imposed in this comparison, and the present result
represents the completion of the leading order spin-independent three-graviton scattering










5.4. Quantum Corrections to Gravity
In all calculations we have described so far, we have compared quantum loop calculations
on the M(atrix)-Model or gauge theory side with tree level calculations on the supergravity
side. As h is the loop counting parameter, tree level amplitudes come with h
0
and are
therefore classical. This means that, up to now, we have dealt with classical supergravity.
But the ultimate goal is the quantization of gravity and therefore it is a pressing need
to obtain results beyond tree level. It is well known that eleven-dimensional gravity is
non-renormalizable and, even for supergravity, divergencies leading to new terms in the
Lagrangian are expected already at one loop level (this is dierent from supergravity in
four dimensions where the rst possible counter-term is a three loop term
[GGRS]
).
Since supergravity is supposed to arise as an eective theory only in the low energy
limit the non-renormalizability is not a true problem as it is expected that in the end
M-Theory will take care of the high energy degrees of freedom that seem to cause the
divergencies. This is the same situation as in ten dimensions where string theory can be
viewed as a regulator for supergravity. For the time being, it is most convenient to think
of the divergencies as being regulated by a cut-o 
d














where have used the M-Theory-string theory dictionary (2.5) of chapter 2. Following
[RT]
,





















where we have used R
m
to indicate all scalars built out of the curvature and its covariant
derivatives of mass dimension 2m. On dimensional grounds, one nds
n+ 2m = 9(L  1) + 11:
It has been shown in
[FT]
thatm > 3 at the one loop order. This can also be seen as follows:
M-Theory is to be the strong coupling version of type IIA string theory. Therefore we can
expect the terms to scale like g
p
s
for large coupling. If we express 
11
in string theory units
as above, we see that p = n=3. In order for p to be an integer, n has to be a multiple of
three. Thus we nd
m  1 (mod3);
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,: : : . The R
4
term comes with n = 3 and thus can obviously
arise only at one-loop level in string theory. If it came from higher genus diagrams, the
higher power of g
s
would suppress it at large g
s
which corresponds to uncompactied M-




This calculation is most easily performed in the Green-Schwarz light-cone formalism
































is a two component world sheet Majorana spinor and 

are two-dimensional


































represent elements from 8
c













































We will choose our coordinate system in such a way that there is no momentum in the
light-cone direction for all four particles. The graviton vertex operator is then given by a





















The integral that we have to perform to in order to calculate the one-loop amplitude





str(A) = hijAjii   h _ajAj _ai (5:18)
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After some algebra, one nds that traces of fewer than four powers of R
0
vanish and that












































































































+ 45 terms obtained by antisymmetrizing on each pair of indices

:
These four powers of R
0
have to be supplied by vertex operators. Since a bosonic vertex
operator supplies at most one R
0
we need at least four external states. As this argument
applies in both the left and the right moving sector we will have at least four external
gravitons (a graviton is built from a left moving boson times a right moving boson). There
are no one-loop contributions with less than four gravitons. This is consistent with our








Fig. 20: The loop diagram that yields R
4
The zero mode part of the S elds in (5.18) in the factor in front of the exponential
is needed to give a non-vanishing contribution in the supertrace as we just explained.
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(we have indicated the polarization of particle a by 
(a)
and its momentum by k
(a)
) we















































































Like in the bosonic string calculation the integral over the world sheet moduli is unity
to leading order in 
0
[GSB][ST]
and the total amplitude is given by the kinematical factor
K up to a number. K contains two factors of momentum for each graviton. In position
representation, the momenta act as derivatives on the graviton elds and turn them into






























Although we have performed a genuine string theory calculation we can think of it as a
supergravity calculation in which string theory was merely used as a sophisticated regu-












(a quantity that is not available in pure
gravity) with respect to the classical Einstein-Hilbert action. The original amplitude in
supergravity diverges but string theory provides a nite coecient for the counter term.
So far, we have focused on the ten-dimensional case because there, we have string
theory at hand as a tool for computing supergravity amplitudes. Next, we would like
to argue that this R
4
counter term is also present in eleven dimensions. There, one can
do a similar calculation as we have done before
[GGV]
: These authors consider a loop of a





























Just as in the string calculation one can insert eleven-dimensional vertex operators in
the world line to obtain scattering amplitudes. The vertex operator for a graviton of
polarization  that is inserted at proper time  has the form
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By the same argument as above, the analysis of the fermionic trace leads to the kinematical
factor K from (5.19) that nally provides us with the expected tensor structure of the R
4





























As  has mass dimension  2 this is just the cubic divergence that we were looking for.
The amplitude is diverging in supergravity and we do not have string theory at our
disposal to regulate it. But we would expect M-Theory to play this ro^le in eleven dimen-
sions. A non-renormalizable interaction is always a sign for a lack of proper understanding
of the high energy degrees of freedom in a quantum theory. Here, the conjecture is that
M-Theory could be used as a denition of this high energy behavior. If the M(atrix)-Mo-
del-conjecture is true, that M(atrix)-Model should be able to provide this regularization.
In the rest of this chapter, we will test this assertion. We will approach this cal-
culation by treating the R
4
term as an additional interaction in the supergravity action
with an unspecied coecient, work out its contribution to scattering amplitudes and try
to reproduce the result in a M(atrix)-Theory calculation. Navely, one would a consider a
process with two ingoing and two outgoing particles, as the R
4
term is quartic in gravi-






as a contact interaction
Unfortunately, the M(atrix)-Model scattering technology as we have described it
so far is not able to handle such kinematics with nite momentum transfer. Remember
that in order to calculate scattering amplitudes in M(atrix)-Theory we have always used





that we used to set up the kinematics are dened with respect to this
classical solution. As it is, this classical solution allows only to consider perturbations of
the free motion of particles. In the language of scattering theory this means that only
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t-channel amplitudes can be obtained from this classical solution. M(atrix)-Theory in this
background provides us only with the leading t-pole behavior where t is the square of
the momentum transfer. This kinematical restriction has also been described as eikonal
scattering.
Thus, we have two possibilities: Either we nd a dierent classical solution of the
M(atrix)-Model equations of motion or we consider a process in supergravity that is also
eikonal but contains the new R
4
vertex. We will investigate the rst possibility in a later
chapter and follow the second here as it was done in
[HPSW]
. The process we will consider
is again a three-particle one, with a diagram that is of V-type in the classication we have
used above. However, it diers from the diagram we considered above in that we now take
the new R
4
vertex as the four-point vertex in the middle:
4
R
Fig. 22: The eikonal supergravity diagram containing the R
4
vertex
Any other possible contribution, involving for instance the Y-type or re-scattering-
type graphs, will either be sub-dominant in a small velocity and momentum transfer ex-
pansion or outside the eikonal kinematical regime of particles that only exchange virtual
quanta in the t-channel. We then need to compute only one tree level graph with the
insertion of the R
4
term, up to permutations of the external legs. This is most easily
done by noticing that the linearized tensorial structure appearing in (5.20) is precisely the
same as that obtained by computing four-graviton tree-level scattering in a theory of pure
gravity in any space-time dimension
[Sa]
.
One might think that inserting the new vertex in the diagram might lead to incorrect
results since the R
4
vertex was calculated under the assumption of all four legs being on-
shell whereas in the diagram we consider, two of the legs represent virtual particles that
might be o-shell. Here, the key observation is that in the eikonal and spin-less limit
(where one discards terms canceling the double pole as well as contractions of momenta
with polarizations) the two a priori o-shell legs entering the R
4
vertex are eectively put
on-shell.
By using the results of
[Sa]
the computation of the graph in Fig. 22 is then greatly
simplied. We nd that the result for the part of the amplitude with the external polariza-
tions contracted as in (5.2) and in the kinematical parameterization (5.3), can be written
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where  was dened in (5.5).
Here, an additional remark is needed. As we have explained earlier, the M(atrix)-
Model is supposed to arise upon the compactication of eleven-dimensional supergravity
on a light-like circle of radius R
11
. Therefore, the above calculation should have done also
after performing this compactication. This would have resulted in terms with dierent
dependences on R
11
. Our philosophy is to nd that part of the amplitude that can be
reproduced by the M(atrix)-Theory calculation we are heading on next. Therefore, we
have only picked up those terms that have the correct scaling behavior to have a chance
to be found in the following two-loop calculation.
The N dependence of (5.21) that we omitted, is easily computed to be globally
of order N
5
, in disagreement with the N
3
dependence arising at two loops in M(atrix)-
Theory. This produces indeed the disagreement found in
[KVK1]
. As we have explained
earlier, we do not consider this as a problem here, since we can trust our M(atrix)-Theory
result only for N = 3, anyway. Thus, the dierent scalings with N would maximally show
up as an overall numerical factor.
Armed with the above clear-cut scheme for the computation of the M(atrix)-Theory
S-matrix elements and given the precise agreement of the tree-level supergravity amplitude
with the leading order M(atrix)-Theory result we now turn to the question of whether the
M(atrix)-Model is sensitive to the one-loop correction (5.21)to the M-Theory eective












Comparing with (5.1), we immediately see that this one-loop correction has a chance to
match with the three-graviton M(atrix)-Model calculation pushed to one order higher in
velocities than we have done above.
The setup of the computation is now clear: We simply expand all the terms in the
two-loop eective action ,
2loop
of (5.7) to order v
8
and apply the same manipulations
discussed above in this section to obtain the M(atrix)-Theory amplitudes.
The order v
8





































































































































































































































































































i.e. the proper time integrals remain to be performed. As a matter of fact, all integrals
in (5.22) and (5.23) are divergent, but exist in a distributional sense, see for example
[Z]
.

















amplitude to be studied.





), whereas on the supergravity side re-scattering diagrams of the type




curvature corrections to the eective







does not give rise to re-scattering poles, as we shall see shortly. Performing the
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Hence it is clear that M(atrix)-Theory produces terms with no counterpart on the
supergravity side. However, taking a conservative point of view one could argue that only






) structure should be compared on both
sides. A similar phenomenon occurred in the polarization dependent two graviton scat-
tering amplitudes
[PSW]
, where the spin dependent contributions to the M(atrix)-Theory
amplitude gave rise to terms canceling the 1=q
2
pole and had to be dropped because they
are not reliable in the eikonal setup of classically free particles.
Taking this viewpoint we would have to conclude that all terms in (5.22) and (5.23)





























































where  was introduced in (5.5) and where the 
n
are polynomials of order 7  n in the
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in the exponent of (5.24).
Amongst these terms it is now instructive to focus on a specic class of terms that
have easily identiable counterparts in the supergravity amplitude (5.21). We choose to




























































) and permutations thereof, we proceed as follows: First perform the integral
over (say) 
3















=   log q
2
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which is astonishingly close, but nevertheless not equal to the corresponding terms in the

























This constitutes the above-mentioned denite disagreement of the two results and con-
cludes our study of the R
4
contributions to the three-graviton amplitudes.
Let us mention a further result found in
[NP2]
: There, all possible contractions of
four powers of the Riemann tensor were considered as possible terms in the supergravity
eective action at one loop order. It was found that some of them do (up to a numerical
factor) reproduce the same amplitude as the \correct" contraction whereas the remaining
ones do not contribute at all in the kinematical setup we have chosen above. This means
that the M(atrix)-Theory amplitude we have derived cannot be obtained from a Lorentz
invariant theory in eleven dimensions. It might be necessary to add further terms to the
M(atrix)-Theory action to render it covariant. Such corrections are not uncommon for
theories in light-cone gauge.
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5.5. Why the Discrepancy?
In this chapter, we have presented detailed comparisons between three-graviton scattering
amplitudes in M(atrix)-Theory and d = 11 supergravity along with its leading M-theoretic





showing that the leading order v
6
eikonal spin independent
S-matrices of tree level supergravity and one-loop M(atrix)-Theory exactly agree. On the
other hand, the moment one studies the next-to-leading v
8
M(atrix)-Theory amplitude, the
result fails to match the corresponding (conjectured) term in R
4
corrected supergravity.
Why does such a mismatch occur?
There are several dierent possible levels of explanation. The rst is to ask why
one might have expected agreement in the rst place. Both the M(atrix)-Model-conjecture
that relates a gauge theory to M-Theory (and especially, as we have studied it in this
thesis, to its gravity limit) and the AdS-CFT correspondence that relates a conformally
invariant gauge theory on the boundary of anti de Sitter space to gravity in its bulk, use
string theory as an intermediate step to motivate or explain the correspondence. In both
cases, there is then a duality between a gauge theory and a gravitational interpretation of
the stringy setup.
But a closer investigation reveals that the two descriptions apply in dierent corners
of the moduli space of M-Theory: From a stringy perspective, we see that the description
in terms of stretched open strings stretching is appropriate if the particles are close and
the open strings are short and therefore light. On the other hand, we would trust a
description in terms of classical gravity if we can neglect higher curvature corrections. This
approximation is justied if curvature is small everywhere. But this is equivalent to saying
the probe particles should be far away from the source for the supergravity description
to be valid. Only in special cases, the scaling behavior of the eective force between the
particles will show the same scaling behavior in both regimes as we encountered it in the




terms. It is highly plausible that supersymmetry is responsible for this
protection of amplitudes. The R
4
term we have been investigating is the rst amplitude
calculated in both descriptions that is not believed to be protected by supersymmetry and
in fact cannot be protected as we found a disagreement between the two dierent regimes.
This discussion of regimes can also be made more quantitative: The description in







. In that case, the strings are light while the higher modes are heavy and
Yang-Mills theory is a good approximation to the Born-Infeld action that includes higher
order terms in 
0
. On the other hand, we expect supergravity to be valid at distances that
are large compared to the Planck scale `
p
. More concretely, the supergravity solution
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at distance r from the center. Here, we reinserted the M(atrix)-Theory coupling g
YM
.
As the coupling appears in the denominator, it is obvious that the requirements of small
curvature and small coupling (such that perturbation theory is valid) are in conict. We
cannot expect classical gravity and Yang-Mills theory to hold at the same time, keeping
N nite.
Another possible explanation for the disagreement is that supergravity in eleven
uncompactied dimensions is not the right theory to compare to. The light like limit we
have to take for nite N bears a subtlety in its denition.
As we explained in the previous section, the two amplitudes on the supergravity
and on the M(atrix)-Theory side, respectively, scale dierently with respect to N , the
momentum in the compactied direction. In the original M(atrix)-Model conjecture put
forward in
[BFSS]
, N has to be taken to innity to recover uncompactied M-Theory. As
the two amplitudes of supergravity and the M(atrix)-Model respectively scale dierently
with N , they are no longer comparable. Rather one should consider the non-orientable
ve-loop diagram on the M(atrix)-Model side that one obtains from world sheet-duality,
as we explained earlier.
On the other hand, if one seriously tries to approach the problem of the large N
limit (for some progress in this direction, see e.g.
[KNS]
), it is no longer sucient to take
the diagonal matrices we have been using as the background. Rather one would have to
use the true ground state wave function of the N
a
model to describe the conguration of
parton a with compact momentum N
a
. As long as no further information in this direction
is available (but, see
[FGHHY]
), one has to restrict oneself to nite N calculations in which
each parton carries momentum N
a
= 1. In this setup, the scaling with N is invisible and
the matrix diagram we have been considering stands on the same level as the ve-loop
non-orientable diagram in Fig. 22.
For nite N , the original proposal of
[BFSS]
does not apply, rather we have to use the
second proposal of
[Su]
. There, one has to consider M-Theory compactied on a light-like
circle. This so-called Discrete Light-Cone Quantization (DLCQ) was used at some time
in canonical approaches to quantum chromo-dynamics because it promised to signicantly
simplify the structure of the QCD vacuum.
As it turned out, once again, there is no such thing as free lunch and DLCQ is
plagued by conceptual problems that we will describe here because there are indications
they are connected to the problem of the mismatch between the supergravity and M(atrix)-
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Now, we would like to take the light-like limit ! 0. This removes the rst term with two
@

derivatives. For the zero mode 
0
, also the second term vanishes. Thus, in a canonical










is identically zero. This means that 
0
is an auxiliary eld and not dynamical. It gives










This has to be solved for 
0
and the solution has to be re-inserted into the action. In
general, this yields an innite series of interactions that make the theory very dicult to
deal with.
In the path integral approach that we have been using in this thesis, the problem
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for 
n










In the second form, the propagator G
n
is just the ordinary propagator for a scalar eld
with a modied mass in d  1 dimensions. But, what is more, in an L loop diagram, there




















after the above transformation. We nd that in an L loop computation the light-like limit
leads to an overall 
 L
divergence in all amplitudes.
In the above argument, we have not used any specic properties of scalar eld theory.
Rather, the divergence encountered seems to be a generic feature of all eld theories. This
applies also to supergravity if it is viewed as a quantum eld theory as we have been doing
it above. The fact that the divergences scale like 
 L
agrees well with the observation that
M(atrix)-Theory has been successfully compared to L = 0 tree-level gravity whereas the
comparison to L = 1 supergravity fails.
This would suggest that the light-like limit of eld theories is not well dened at
least in the nave sense. What we have compared our M(atrix)-Theory result to is eleven-
dimensional supergravity trivially reduced along the light-like circle. On the other hand,
we just have seen this is not allowed as it leads to divergences.
Here, a historical remark is in order: At the time when
[HP]
came out, there was
a need to explain the disagreement found in
[DR]
, and the authors of the former paper
suggested that the subtleties of the DLCQ limit might be responsible for the disagreement.
The authors did not recognize that one should expect the problems of DLCQ only for loop
amplitudes of the DLCQ eld theory. In the disagreement reported on in
[DR]
, supergravity
as the DLCQ theory was treated in the tree level approximation. So, strictly speaking, the
argument in
[HP]
cannot explain the disagreement in
[DR]
that we now know to be based on
a calculational error as impressively demonstrated in
[OY1]
. In contrast, the disagreement
we found in our above calculation is based on a loop calculation in supergravity in the
DLCQ limit and the problem reported on in
[HP]
might well aect it.
String theory, as a theory of extended objects, is much better behaved in the DLCQ
limit. Bilal
[Bi]
has calculated the string one-loop partition function in DLCQ and found
it to be nite. Therefore, it is reasonable to expect that also M-Theory, as a theory of
extended objects, is nite in the DLCQ limit. What is more, our results suggest that it is
not a simple reduction of eleven-dimensional supergravity that describes M-Theory in this





led to believe that the DLCQ limit is just another corner of the M-Theory moduli space
that happens to be well described by the M(atrix)-Model. There is some overlap, possibly
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mediated by supersymmetry, with the-low energy corner of uncompactied supergravity,
but for more sophisticated processes, the corners are distinct.
Our rst argument about the dierent regimes implied by the supergravity and
gauge theory approximation used stringy scaling arguments to explain why at least it is
not possible to use perturbative string theory to prove that all supergravity amplitudes
have to be reproduced by the M(atrix)-Model. The argument we gave above suggests that
any amplitude that is not protected by supersymmetry will in general not be the same in
the sub-stringy and in the macroscopic regimes where we expect the two descriptions to
be valid. But we did not show that we should have expected a disagreement. The other
argument suggested that in the DLCQ limit of a eld theory there are divergences that at
least make it dicult to relate DLCQ loop amplitudes to amplitudes in the uncompactied
theory. So it might still be that our M(atrix)-Theory result matches DLCQ supergravity
(or even DLCQ M-Theory) once there is a sensible denition of this limit and a procedure
to deal with the 
 L




There is a calculation that is just beyond our present technical ability that would be
able to dierentiate between lacking protection by supersymmetry and problems arising
from loops in a DLCQ eld theory. This is the test whether M(atrix)-Theory is able to
reproduce the third order v
8
term in (4.6) or the c
33
term in (5.1). It is not believed
that this term is protected by a supersymmetric non-renormalization theorem, at least
the techniques used to prove
[PSS1][PSS2][NP1]










that IR problems are to be expected at this order. On the other hand, the corresponding
calculation on the supergravity side uses only tree-level so that we do not expect the DLCQ
limit to complicate the correspondence as we explained above. While the expected value
from supergravity can be calculated almost trivially by expanding (4.6) one order further,
the diculty of obtaining this amplitude on the M(atrix)-Model side lies solely in the
complexity of three-loop gauge theory calculations, with about one hundred diagrams and
up to six proper time integrations.
An even more involved investigation would be the calculation of the M(atrix)-Model
process that is directly related to the one loop gravity amplitude by world sheet-duality.
It is not obvious to nd the corresponding open string diagram. For the identication, it is
convenient to note topological invariants: Corresponding to the four external states, there
are four boundaries and the Euler number turns out to be
 = 2g   2 + b = 4:
As noted already in
[KVK1][Ser]
, the non-planarity of the diagram corresponds to sub-leading
1
N
behavior on the M(atrix)-Theory side. We have to look for a non-planar ribbon diagram
with four boundaries and we nd it to be
The calculation of the Euler number is most easily performed by cutting the diagram into
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Fig. 23: The R
4
string diagram
Fig. 24: The corresponding gauge theory ribbon diagram
simply connected polygons and using the discrete version of the Euler number calculation
  = #vertices #edges + #surfaces =  4:
This surface obviously also has four boundaries. Thinning out the ribbon to lines and
moving the handle to the right,
Fig. 25: The ribbon diagram as ordinary Feynman diagram
we see that this diagram arises at ve-loop order. This calculation is denitely beyond
our technical abilities. But as we have pointed out above, to be able to perform large N
calculations one has to have access to the internal structure of the D0-branes given by
the ground state wave function whereas at nite N the contribution of this diagram is
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indistinguishable from the two loop contribution we have calculated above. Furthermore,
we see from the table given in (5.1) that at ve loop level there is no term with the correct
scaling with r to match the gravity amplitude we have derived above.
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6. Beyond the Eikonal Regime
All scattering calculations that have been performed so far in the M(atrix)-Model proceed
in the same way, namely by calculating quantum uctuations around the diagonal classical
solution. The particles described by this solution do not interact at all at the classical
level and all interactions merely occur as quantum eects. Therefore, the interactions
appear only as perturbations so that the particles only depart just innitesimally from
their straight line motion. The eect we have been calculating so far as the eective
action, is, after integration over the particles' proper time, just a phase shift. As we have
stressed already, this corresponds to an eikonal limit of scattering processes.
Technically, this means that S-matrix elements can only be evaluated at the maximal
t-pole, i.e. in the limit of vanishing momentum transfer. It would be highly desirable to
drop this restriction, so one would be able to explore a much wider kinematical regime.
Furthermore, this restriction will have to be overcome if the full eleven-dimensional Lorentz
invariance of the M(atrix)-Model is to be shown some day.
The issue of momentum transfer comes in two similar though distinct versions: The
momentum transferred can either be in the transversal directions or in the compactied
light-like direction. The rst amounts to particles with dierent asymptotic velocities for
incoming and for outgoing particles. The latter possibility is described by block diagonal
matrices in which the size of the blocks changes during the interaction.
Processes of the rst kind are included in the supergravity scattering set-ups we
have been studying and had to be excluded later by extracting only the most singular
terms with respect to momentum transfer, whereas processes with momentum transfer of
the second kind were excluded by the choice of kinematical setup.
The key question to be able to deal with processes with any of the two kinds of
momentum transfer is whether one can nd a classical solution that already accomplishes
momentum transfer. On such a background, it would be possible to study quantum uctua-
tions that could then be related to momentum-transferring interactions on the supergravity
side. It is the aim of this chapter to study these non-eikonal classical solutions. In the end,
it will turn out that | at least for a toy model | no such solutions exist for nite N and
again one has to resort to the large N limit. We will give good reasons why we think that
also the full M(atrix)-Model has no scattering solutions with momentum transfer. Most of
the material presented in this chapter is original and has not been published before.
6.1. Momentum Transfer in Higher Dimensions and N =1
Classical solutions to the M(atrix)-Model equations of motion that describe momentum






. All the three works have one restriction
in common that we would like to avoid here: They provide solutions only for innite matri-
ces, i.e. for SU(1). In particular, the latter reference constructs a solitonic solution that
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describes light-like momentum transfer. Unfortunately, it does not directly provide a solu-
tion for the M(atrix)-Model but for M(atrix)-String Theory
[DVV]
, the (1 + 1)-dimensional
super Yang-Mills theory that is obtained from the M(atrix)-Model by T-dualizing in one
dimension. Matrix-String Theory is supposed to encode the dynamics of D-strings, the
images of fundamental strings under S-duality in type IIB string theory. As we have de-
scribed in chapter 3, this T-dualization requires innite matrices to capture the eects of
the innite lattice of mirror D-particles. The solution is obtained by giving a complex
structure to the (1+1)-dimensional \space-time" of the gauge theory and then translating
the supersymmetric \square root" Q = 0 of the eld equations into a holomorphicity
condition. The latter can be solved by an analytic ansatz incorporating boundary condi-
tions which describe the scattering kinematics. As should have become clear, this approach
depends crucially on the world-volume of the D-string being two-dimensional and cannot





also use T-duality to rst transform the eld
theory to a higher-dimensional one. In that case, two dimensions are T-dualized. The
authors obtain a U(2) gauge theory in 2+1 dimensions which, for separated D2-branes, is
spontaneously broken to U(1)  U(1). Here, the transfer of compact momentum in the
M(atrix)-Model appears as a solitonic process that transfers magnetic ux from one U(1)
factor to the other. Again, we conclude, using Taylors M(atrix)-Model version of T-duality,
that we end up with innite matrices in the (0+1)-dimensional theory.
As we have mentioned already, here, we prefer to take a more conservative point
of view and restrict ourselves to nite N as long as further input from the ground state
wave functions seems not to be available. If there is some truth to the nite N M(atrix)-
Model conjecture of
[Su]
, this model, too, should possess momentum transferring classical
solutions.
As we have seen in chapter four, leading order polarization independent processes
are described by purely bosonic backgrounds. Fermionic backgrounds encode polarization
dependent eects. Thus, one expects a momentum transferring solution already in the
bosonic model, and for the question of existence of such solutions, we can neglect the
fermionic degrees of freedom.
This should not be confused with the ndings of
[dWLN]
: There, it was proven that,
in the supersymmetric model, the Hamilton operator has a continuous spectrum while the
Hamilton operator of the purely bosonic model has a discrete spectrum. The reason was
that, in the bosonic case, the Heisenberg uncertainty principle prevents the wave function
to leak out to innity through the valleys of the potential that we investigate in this
chapter. The zero point energy that we found in chapter three to be responsible for the
connement of the D0-particles in the bosonic model lifts, in the language of
[dWLN]
, the
bottom of the potential valleys. This lifting does not occur in the supersymmetric model
as supersymmetry requires the zero point energy to vanish. Therefore, in the model with
fermions, the wave function can leak out; it is no longer conned and the spectrum is
continuous.
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At this point, it is important to note that this is a consequence of zero point energies
and the uncertainty principle. Both are genuine quantum eects. The question about the
existence of solutions to the equations of motion we investigate in this chapter is a purely
classical one and thus we do not expect the picture to be qualitatively dierent between
the bosonic and the supersymmetric version of the model.
Let us, for concreteness, x N = 2 and consider only bosonic degrees of freedom












































































Because we have gauged away the A eld, we furthermore have to impose gauge invariance













































Furthermore, for some time t = t
0
, we can use the SO(9) invariance to adapt the coordinate












) = 0 for all i 6= j
so that the second term in the equation of motion vanishes for t = t
0
.
As we are looking for backgrounds for the quantum scattering computations, we are
only interested in solutions that come in from innity, interact and then leave again to
asymptotically innite separation of the particles. We are not interested in bound solutions
that stay in the vicinity of the origin forever. In the language of chapter three, we only
look for solutions where k~rk goes to innity for early and late times. There, we xed
a gauge by requiring the matrices to be diagonal. Since we are now interested in more
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has to be at least R
2
=9 which goes to innity. As V
is bounded from above by the total energy, it follows that for large t
0
all the other SO(9)






have to be small and go to zero for late times. Of all contributions
to R
2




's largely dominates the others by at least two powers of R.
6.2. The Toy-Model
In this section, we will study a simplied model that has only two degrees of freedom whose
interactions mimic the ones found in M(atrix)-Theory. (Classical solutions to this model




but from the point of view of chaotic dynamics.)
We will rst give a handwaving argument why one does not expect this toy-model to have
scattering solutions and then present a mathematical proof for the absence of scattering
solutions. In the next section, we will show that, for asymptotic times, the full M(a-
trix)-Model can be related to the truncated toy-model and therefore it has no scattering
solutions either besides the diagonal ones we have presented in chapter 3 already.
We have seen in chapter 4 that the o-diagonal matrix elements are described by
harmonic oscillators for large separations of the particles whose coordinates are given by
the diagonal matrix elements. The frequency is proportional to the separation of the
\diagonal" particles. The energy landscape has at valleys in the directions of diagonal
matrices that grow steeper and narrower the larger the separation of the particles gets.
There is a simple toy model with similar valleys in the potential energy landscape
which was already used in
[dWLN]
to present the strategy for the proof of the continuity of
the M(atrix)-Model spectrum. It should be thought of as a cartoon of the M(atrix)-Model
after global rotation symmetries have been xed. In this model, there are two real degrees



















=2 is non-negative and vanishes along the coordinate axes in the
(x; y) plane. Perpendicular to the axes, the potential is quadratic, the corresponding
harmonic oscillator has a frequency given by the distance to the origin.





have trivial solutions if both sides vanish simultaneously
x(t) = b+ vt; y(t) = 0;
these should be viewed as analogs of the diagonal solutions of the M(atrix)-Model. Here,
b and v are integration constants. Trivially, there is another solution obtained by in-
terchanging x and y. Next, we would like to nd out if there can be further scattering
solutions.
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Fig. 26: The potential of the toy-model







becomes innite for t! 1. This limit is meant in the usual sense that for each R
0
there
is a time T , such that R(t) > R
0
for all jtj > T . We are not interested in solutions that
enter the valleys but always return to the \stadium" around the origin after every such
excursion, although R(t) might not be bounded for such solutions.
We can use the x $ y symmetry to assume without loss of generality that the
solution escapes along the positive x-axis for late times. From the equation of motion, we
see that also _x has to be positive after T because otherwise the velocity will stay negative
until x = 0 and we are back to the stadium again. As we have argued above, we expect
a motion that is mainly directed along the x-axis but with small oscillations in y that are
bound by the valleys. There are two possible scenarios: Either these oscillations will get
smaller and smaller as the valleys are getting narrower and narrower or the oscillations
are so strong that, eventually, the component of the gradient of the potential in negative
x direction o the bottom of the valley will stop the motion in the x-direction and force
the particle to return to the stadium.
Numerical evolutions of the equations of motion indicate that the latter behavior is
generic but we would like to investigate if there can be exceptions other than the trivial
y = 0 solution we have given above.
It is instructive to split the energy into two contributions coming from the motions
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Fig. 27: A numerical example: The solution of the toy model returns to the stadium








=  x _x = x _xy
2
 0
where we used the assumptions x > 0 and _x > 0 from above. We see that energy is
transferred constantly from the x motion to the oscillations in the y direction. Thus, if we
took the energy E
y
to be constant we would underestimate the oscillations.
















in terms of the energy E and the frequency !. Since x, the frequency of the oscillations in
y, is assumed to go to innity,
1
x
, the timescale of the oscillations, is going to zero. Thus,
for late times, the variation of the frequency during one period of the oscillation becomes
smaller and smaller. Therefore, in the equation of motion for x, we can replace the eect




















As the logarithm grows without bound, the motion in x will hit a potential barrier
no matter how big the total energy E is. The only exception would be that E
y
= 0 but




Fig. 28: The eective potential
this is again the trivial solution without oscillations. Therefore, we do not expect to nd
any other solutions that escape to innity.
One might worry that the above reasoning using the adiabatic time averaging might
be not justied. Therefore, we will give a more formal proof of the non-existence of scat-
tering solutions, next. To this end, we will proceed along the lines of the previous heuristic
argument, but without using any a priori knowledge about the solution. Therefore, we
cannot employ the expressions for the harmonic oscillator in the y direction.
Our strategy will be to assume that there is a solution (x(t); y(t)) with E
y
> 0
for which x(t) goes to innity as t ! 1, and to show that this assumption leads to a




dt x =  1:
This implies that any velocity in the x direction will be stopped and x will eventually
become negative again. Thus, only the trivial solutions mentioned above will escape to
innity. Of course, as the model is invariant under time reversal, this also means that
every solution that comes from x =  1 in the past has to be trivial.
To begin with, let us recall that we can assume x to be arbitrarily large and that
_x is positive. Furthermore, E
y
is strictly increasing in time and since the total energy is




, label the y-axis such that y(t
0
)  0. The rst thing to notice is that





) as long as y is negative. But as a harmonic oscillator returns to 0
within the next time interval of length =!
0
, the y motion has to cross the x axis within
this interval of time , too. Let us call this moment of y = 0 the time t = 0.
Comparing with the harmonic oscillator once more, we can conclude that the motion
again is bounded from above by that of the harmonic oscillator and that y will eventually









Fig. 29: Upper and lower bounds on y(t)
Now, we are going to estimate the retarding eect of the oscillations in y on the
motion in x. Since we are going to show that the retardation is strong enough to stop the
motion in x we have to give a lower bound on y. At t = 0, the velocity _y is positive. Any
trial function ~y with ~y(0) = 0,
_
~y(0) = _y(0), and

~y(t) < y(t) will have this property. As
the kinetic energy is bounded from above, so is the velocity. Thus, by assuming x(0) large
enough, we know that x(t) cannot double over one period. Hence, with the help of the
inequality
 y(t)  4t _y(0)x(0)
2
;
which holds because assuming the velocity in y to be constant is an overestimate, we can
















Here, we have used the equation of motion to see that there is no quadratic term in t. The
right hand side is positive for t <
p
3=x(0). Therefore, we have the following underestimate








































This is the deceleration for one half of a quasi-cycle of the y motion. We have to sum the
contributions of all the cycles. At rst sight, this sum (which should be thought of as an
integral over x!) is convergent because the contribution is proportional to 1=x
2
. But it is
important to note that this contribution comes from the interval [0; t
1
] and its length is
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for the cycle beginning at t = 0. To sum the contribution from all values of x one has to
sum a logarithmically divergent harmonic sum. This is in accordance with the logarithmic
divergence we expected from the heuristic argument.
Hence we found that, however large _x and however small the non-vanishing motion
in y is, the motion in x will eventually be stopped which is the contradiction we were
looking for. Therefore, we can conclude that the only motions that reach innity are those
along straight lines.
6.3. Scattering Solutions in the M(atrix)-Model
The toy model enjoys one important simplication compared to the full M(atrix)-Model:
There is no gauge freedom, the valleys are along the x- and y-axes whereas the global
SO(9) SU(N) symmetry allows one to rotate the valleys in any possible direction. The
direction of the valleys is therefore dynamically determined and one should use appropriate
variables to deal with this symmetry. Furthermore, one could imagine a solution in which
the matrices cannot asymptotically be brought to diagonal form because there is a non-
vanishing motion in the SU(N) directions that would destroy any choice of gauge at later
times.
To approach these diculties, let us rst discuss another simplied model that now
contains all qualitative features of the full M(atrix)-Model; this allows one to translate the
argument directly to the full M(atrix)-Model, but we prefer to present the approach in this
model for notational simplicity.






with a = 1; 2. The La-





























































has to be small and




k. Nevertheless, it is not clear, that there is




, it might rotate around the origin forever. Therefore we




plays the ro^le of y in the
toy model.
To solve this problem, the rst observation is that, just like the M(atrix)-Model,
this model not only has the obvious SO(2) symmetry of vectors in R
2
that parallels the
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SU(N) symmetry of the M(atrix)-Model, but that it is invariant under another SO(2) that




, because the potential is just the square of the determinant
of the matrix X
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are integrals of motion. We solve these for _ and
_
 and use them to eliminate the  and
 dependence from the Lagrangian.















































which tells us that for large R we have x  R  y  1=R. While the rst term in (6.3)
scales like 1=R, the second term scales like 1=R
3





















In the numerator, it is not possible that the coecient of x
5
vanishes while the coecient
of yx
4
is nite. Therefore, for large enough R (depending on the two angular momenta),
we can neglect the second term in the numerator against the rst. The fraction scales like
1=R
3
and is always strongly suppressed by the \toy-model" term.
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The second term scales like 1=R
3
, whereas the rst term scales like yR
2
. As the amplitudes
of the oscillations in y are of the order 1=R the second term will, for most of the time of
one oscillation, be suppressed by four orders of R and can therefore be neglected.
We have argued that in both non-trivial equations of motion, the second terms
can be neglected and in the limit of large R , we are left with the toy model. In the
previous section, we proved that there are no non-trivial solution that can escape to innity.
Therefore there will be no scattering solutions for this model, too.
The argument for the full M(atrix)-Modelshould be the same as above: One should
rewrite the Lagrangian in terms of SO(9)SU(N) angle variables andN \radial" variables.
In
[SS]




were diagonal. Here we will do this \gauge xing" dynamically by allowing the angles
that determine the gauge to be time dependent degrees of freedom. These angles are again
cyclic and can be eliminated whereas, in the large R limit, the radial variables will be of
the form of the toy model plus asymptotically small corrections.
Therefore, it would be very suprising if there were non-trivial scattering solutions
describing kinematics with momentum transfer in the nite N M(atrix)-Model. It seems
that the niteness of N is very restrictive and puts strong constraints on the dynamics.
We should stress again that this result does not hold for innite N as there are the
counterexamples we mentioned above
[PP][KVK2][GHV]
. The way to think about them is that
once the number of degrees of freedom is innite it is possible that an innite number of
them could each supply an innitesimal amount of energy, which nally pushes one of the
\diagonal" degrees of freedom to innity.
On the other hand, these results about scattering solutions are welcome from the
membrane point of view on the M(atrix)-Model: There, scattering solutions are to be
considered degenerate, they describe membranes whose shape at early and late times is
completely dominated by one of the Fourier-modes of the world volume coordiante func-
tions. The solutions that we classied as \bound states" from the D0 point of view describe
membranes with oscillating shapes. Our result can be reformulated by saying that the lat-
ter are generic as one would have expected for uctuating membranes.
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7. Conclusions
In this thesis, we have investigated the M(atrix)-Model-conjecture that states that M-
Theory, the Ur-theory that arises in the strong coupling limit of type IIA string theory,
is given, in light-cone coordinates, by the supersymmetric quantum mechanics of SU(N)
matrices. In particular, we have tested Susskind's version of this conjecture that does not
require the limit N !1 and relates the nite N version to the DLCQ of M-Theory.
Since eleven-dimensional supergravity is by denition the low-energy limit of M-
Theory, it is a sensible question to ask if the M(atrix)-Model contains supergravity in the
low-energy limit. A rich test-bed for such questions is provided by scattering processes.
Scattering amplitudes and matrix elements of the S-matrix are natural and well-dened
observables of a theory and we have calculated them using both theories, the M(atrix)-
Model and supergravity.
Let us list the main results of this investigation:
 Besides the well-known result of leading-order scattering of two particles, we have
worked out the spin-spin coupling between the two particles. We have found full
agreement with the spin-spin interactions of two gravitons in supergravity thus
verifying that the particles described by the eigenvalues of the matrices in the M(a-
trix)-Model really have spin two as required by the conjecture. This result about
a purely fermionic term in the model's eective action was later used in
[PSS1]
to
prove a supersymmetric non-renormalization theorem for the v
4
term.
 We have been able to generalize the result of
[OY1]
on the scattering process of three
particles by eliminating a kinematical constraint on the initial conditions that Okawa
and Yoneya had to assume, thereby putting the agreement between the supergravity
prediction and the M(atrix)-Model result on a much wider basis.
 We have argued that the next-to-leading order of that three particle scattering am-
plitude in M(atrix)-Theory should be related to the rst quantum correction of
supergravity. We have worked out the amplitude on both sides and found a dis-
agreement for nite N not only in a numerical coecient but in the tensor structure
of the term in the eective action.
 We have discussed the possible origin of this disagreement.
 We have derived a no-go result for classical scattering solutions coming in from and
leaving into the valleys of the potential that have non-trivial momentum transfer
on the gauge theory side. The existence of such classical solutions is a pre-requisite
for quantum scattering calculations that are beyond the restricted kinematics of the
eikonal regime. This no-go result casts further doubt on the physical usefulness of
the M(atrix)-Model-conjecture at nite N .
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We have already discussed possible explanations for the disagreement we found in
the last section of chapter ve. Here, we would like to take a more general standpoint
and consider the state of the M(atrix)-Model proposal in the view of our ndings. In
[T2]
,
Taylor discusses several possibilities for the nature of M(atrix)-Theory that we would like
to comment on:
(i) M(atrix)-Theory is correct, and DLCQ supergravity is reproduced at nite N per-
turbative M(atrix)-Theory calculations.
(ii) M(atrix)-Theory is correct in the large N limit, and non-perturbative supergravity
is reproduced by a nave large N limit of the standard perturbative M(atrix)-Theory
calculations.
(iii) M(atrix)-Theory is correct in the large N limit, but to connect it to supergravity
even at the classical level, it is necessary to deal with subtleties in the large N limit
(i.e. there are problems with the standard perturbative analysis at higher order).
(iv) M(atrix)-Theory is simply wrong, and further terms need to be added to the dimen-
sionally reduced super Yang-Mills action to nd agreement with M-Theory even in
the large N limit.
Given the arguments by Sen and Seiberg we recapitulated in chapter three, it is hard to
believe in possibility (iv) although, as we have pointed out, all the agreement that was
found in the past, including the agreement we have presented here, might be an artefact
of the large amount of supersymmetry in the set-ups that were considered. We do not
believe this is the case.
As we have explained, our results on scattering amplitudes are still compatible with
(i) as long as one has a very narrow denition of the terms used: One might be satised
with an agreement with classical supergravity, and not try to derive quantum corrections.
We do not think this is a viable option, as the primary purpose of string theory is to give a
unied description of nature. To the best of today's knowledge, this \theory of everything"
has to include a quantum theory of gravity. As we have seen, correct implementation
of the DLCQ is very subtle, especially in a quantum theory. It might be completely
impossible to extrapolate results obtained in a DLCQ limit to an uncompactied version
of the theory, much dierent to the situation in spatially compactied theories that become
uncompactied in a large volume limit.
On the other hand, our ndings about the impossibility to transfer momentum in
classical scattering processes appears to be in conict with possibility (i) as it seems that
the nite N kinematics accessible to M(atrix)-Theory are severely restricted.
On the basis of our investigations alone, we cannot dierentiate between possibility
(ii) and (iii) since we have strictly stuck to nite N calculations. Both seem equally likely.
But given today's large N technology, this means that the usefulness of the M(atrix)-
Theory-conjecture is rather restricted. What would be needed are several achievements:
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First, more information about the structure of the ground state that describes a
graviton with N > 1, ideally the exact wave functionm, is needed. It should be expected
that scattering amplitudes at large N depend for example on the distributions of velocities
of the dierent \partons" within the graviton.
Then a formalism to extract the leading large N behavior is needed. In the best of
all worlds, this would be some kind of large N renormalization group: A way to integrate
out the contributions of single rows and columns of the matrices that could relate the
theory at some N to a theory with N 1. Both these requirements are beyond reach given
today's techniques.
So far, M(atrix)-Theory has only been successfully applied to M-Theory uctuations
around a at, possibly toroidally compactied, background. There are indications
[DOS][DO]
that for curved backgrounds a model with nitely many degrees of freedom is probably
not sucient to reproduce the appropriate amplitudes. Only very limited work in this
direction has been done and much more is needed.
It would also be fruitful to investigate the importance of supersymmetry in the re-
lation between supergravity and gauge theory. A possible calculation to approach this
problem would be to check the correspondence between supergravity and M(atrix)-Theory
at the eighth order in velocities. As we have explained before, at that order, supersym-
metry is very unlikely to protect the amplitude while supergravity appears still at the
classical level. Therefore, this calculation would allow for a clear-cut distinction between
disagreement because of lack of supersymmetry and disagreement because of subtleties of
the DLCQ limit. We leave this technical tour de force for future investigations.
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